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2023.2 Question 1

1. If x = %, we have

and hence

Hence,

as desired.

2. We have

dr 1
dt 2
det
L
3 = 3
Pl e )]
b1
_/ —tdt
- 3
o (1)’
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(b) Notice that the integrand is even, we have

/2 dx
-2 (1 +x2)%

3. (a) Starting from the left, we have

2
d
:2/ 7x3
0 (1+22)2

2
d
=2 lim [ — %
u=0t Jy (14 22))?
1
2 —tdt
— 9 lim [ —%
u—0t % (1+t2)§
2 —tdt
=2 lim _

(S

u—oo [, (1+t2)

o],

=2 lim
U—» 00

and therefore the first equal sign is true.

As for the second equal sign, we notice that

/2 da +/2 22 dz _/2(1+x2)dx
L (1+22)”  Jy Py (a2

which means that

—~
—
+
8
V)

/2 de
(L a?)?

1/2 dz
) 1 1422

Hence,

(b) Let 2 = 1, we have do = —2; du.

[arctan x]

= N

1 1
arctan 2 — — arctan —
2 2

N RN~ DN

1
arctan2 — — (E — arctan 2)
2\2

Q

s
rctan2 — —.
4
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Let the integral be I, and we have

This therefore means

2
1
L x(1+422)2
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2023.2 Question 2
1. Let

By the double angle formula for tan, we have

f(tan @) = tan 26.

Since y = f(x), we have y = f(tana) = tan2«. Similarly, z = f(y) = tanda, and x = f(z) =
tan 8.

But since x = x, we must have tan o = tan 8c, and there must be some k € Z such that
a+ kr = 8a,
ie.

o= —.

7

Since —%7‘(‘ <a< %7‘(‘ for the substitution, we have

o 3.2 1 ,1.2 3
- 7’/T’ 771-7 77[-3 7771—7 7’/T’ 77T7
and hence
1 2 4 2 4 8 3 6 12
20, 4ar) = ey i s e e i e i +-m -7, £ —
(a? a’ a) (0707 O) b ( 77T7 77T7 77T> b ( 77‘-7 77T, 77T) ) < 77T7 771-? 7 7T> )

which means
(z,y,2) = (tan0,tan0,tan0),

or
1 2 4 1 2
(z,y,2) = (tan j:?w,tan:t?w,tan j:77r> = (tan:l:77r,tan j:77r,tan:Fi7r) ,
o 2 4 8 2 3 1
(z,y,2) = <tan j:?ﬂ,tan:t?w,tan j:77r> = (tan:l:77r,tan:|:77r,tan:|:77r) ,
o 12 1 2
(z,y,2) = <tan:|:§7r,tan j:(;mtan:l:?w) = <tan:|:§7r,tan:1:77r,tan:|:77r> .
2. Let
(1) = 3t — 3
T =13
The triple angle formula for tan is given by
tan 6 + tan 260
tan3 = ——
an 1 — tan 6 tan 20
_ tanf+ 2005 _ tan6(1 — tan?f) + 2 tan
1 — tan @22l (1 —tan?0) — tan (2 tan 6)
B 3tanf — tan> 0
~ 1-3tan®6 ’

and hence
g(tan#) = tan 36.

Let x = tana for —5 < a < 3. We must have y = tan 3a, z = tan9a and x = tan 27a.

There must exist some k € Z such that

a+kr=27aq,
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and hence
as kT
267
It must be the case that —13 < k£ < 13, and this leads to —12 < k < 12. These all lead to distinct
values of x.

We already have o # t7 + 5 for any t € Z.
We still verify that 2a # tm + 5. We have that

2k — 13 cannot be a multiple of 13 apart from k = 0 (in which case it is still not a multiple of 26),
hence not of 26, and hence 2a # t7 + 7.

A similar reasoning applies for 4a:

go T kT T
TT9 T3 2
(4k — 13)7

26

4k — 13 cannot be a multiple of 13 apart from k = 0 (in which case it is still not a multiple of 26),
hence not of 26, and hence 4a # t7 + 7.

Therefore, all 25 values of k leads to pairs of solutions for (z,y, z), and they must all be distinct
(since xs) are distinct.

Therefore, there are 25 pairs of distinct real solutions to the simultaneous solutions.

3. (a) Let h(t) = 2t> — 1. Notice that by the cosine double angle formula,
h(cos ) = cos 26.

If |z, lyl,|2] <1, let & = cosa for 0 < a < w. We must have y = cos2a, z = cos 4w, and
x = cos 8a, leading to cos a = cos 8a.

Hence, we must have, for k € Z, that

8a = 2km + a,
which gives
o= 2T
T
or
o= 2k
=5

Therefore, we have
S A S R R
which gives 8 pairs of solutions for (z,y, z).

(b) We have z = h3(x), and hence x satisfies a polynomial with degree 8. Hence, there are at
most 8 distinct real roots for x, and since there are 8 of them for which |z| < 1, it must be
the case that they are all of them. Hence, all solutions to the equations satisty |z|, |y|, |z| < 1.
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2023.2 Question 3

1. (a) If n is odd, then p must be negative when either z > 0 or x < 0, for a sufficiently large |z|,
since the leading term (term with ™) will be sufficiently large at this point. Since p(z) > 0,
n must be even. Furthermore, the leading term coefficient must be positive.
For 0 <k <mn, p(k)(x) is an n — k degree polynomial. Hence, ¢ is also a degree n polynomial,
with a positive leading term coefficient. This means when |z is sufficiently large, the leading
term will be sufficiently positive and g will be positive.

(b) We would like to show that ¢(z) — ¢'(z) = p(z), and we have

d n
) () — — (k)
W0 - g 2

I
NE

q(x) - ¢'(x)

~
Il
o

p® (@) = p" ()
k=0

n+1

p® (@) =Y pM(z)
k=1

() ="+ (2)

I Il
M- I
S o )

8
~
|
o

I
== s
8
:—/

as desired.

2. (a) If ¢’(x) = 0 for some x, then 0 = p(x) — g(x), giving p(x) = ¢(z) for that point. This means
p(x) and g(x) will meet at that point, proving precisely p(z) and g(x) meet at every stationary
point of y = ¢(x).

This means ¢ has all local minimums being positive, since they must be stationary points,
situated on p as well, being positive.

Since ¢ is an even-degree polynomial, it must also be the case that one of the local minimums
is a global minimum, which is positive.
Hence, q is always positive, and ¢(x) > 0 for all .

(b) By differentiating, we have

We have e™* > 0 and p(x) > 0 for all x, which means the gradient is always negative, which

shows that e~*¢(z) is decreasing.
x

For sufficiently large z, q(x) > 0, and hence e~ %¢(z) > 0 for sufficiently large x.

Since this function is decreasing, we can conclude that e~ *¢(z) > 0 for all z, and since e~ is
always positive, it must be the case that g(x) > 0 for all .

(¢) Let the upper bound of the integral be N. Using integration by parts, we have
N N
/ plz+t)e tdt = — / plz +t)de™"
0 0
N N
= _ [p(x + t)e_t}o + / e tdp(x +t)
0
N
=p(z) —plxz+ N)e N + / p(z+t)e tdt.
0
Let N — oo, e Vp(x + N) — 0 since an exponential dominates a polynomial. Hence,

/ p(z +t)e "dt = p(x) + / pWM(x +t)e tdt
0 0
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as desired.

Repeating this process, we have

/ p(z+t)e tdt = p(x) + / pM(z +t)e tdt
0

as desired.

p(x) + p(l)(x) + / p(2)(x +t)e tdt

0

0

@) + 50 (@) 4o+ @) + [ et

n

k
q(
q(

2

x) +

(=)

2)

p

)

®)(z) +/ 0dt
0
0

0

Since the integrand of this integral is positive for all £ > 0, the integral must evaluate to a
positive value, and hence g(z) > 0 for all z as desired.
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2023.2 Question 4

1. We have
2
(2=
22 —2V2x+2=3
2—-1= 2\/596
2t — 222 + 1 = 822

zt —1022+1=0

as desired.

If f(z) = 2* — 102% + 1, we notice that 2 = /2 + /3 satisfies (z — \@)2 = (\/5)2 = 3, and hence
f (\/i + \/g) = 0 as desired.

2. We have
(28 = (45 =
2 -2(V2+V3)ao+243+2/6=5
2 +2V6=2(V2+ V3)a
x4+2-2\@.x2+(2\@)2:4(\/§+x/§)2x2
o'+ 4v/60? + 24 = 4 (54 2v6) 2?

% + 4V622% + 24 = 2022 + 8v622
z* — 2022 + 24 = 4V622

2
(x4 —202% + 24)2 = (4\/6372)
2% — 402° + 448z* — 96022 + 576 = 962+
% — 402% + 3522% — 96022 + 576 = 0.

Therefore, the polynomial
g(x) = 28 — 4025 + 3522 — 9602 + 576

satisfies ¢ (\@ +v3+ \/5) = 0 as desired.

3. If t = a, b, ¢ are solutions to the cubic equation t3 —3t+1=0int¢, then t = a+v2,b+v2,c+ 2
are solutions to the cubic equation in ¢

3
(v=+v2) =3 (t-v2)+1=0
3 —3V22 + 6t —2V2 -3t +3vV24+1=0
B33t +1=3V22 -2
046t +2683+9t2 +6t+1 =18t — 122 + 2
0 — 12t 23 + 2142 + 6t — 1 = 0.

Therefore, the polynomial
h(z) = 2% — 122 + 22° + 212° + 62 — 1

satisfies h (a + ﬁ) =h (b + \/5) =h (c + \/i) = 0 as desired.
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4. We have
(m — {3/5)3 =3

23 —3V22% +3V4r —2=3
23 — 5 = 3V22? — 3V/4z
m3—5:3€/§x($— \3/5)
23 —5=3V2z-V3
3 —5=3V6x

z? — 152% + 752° — 125 = 1622°

2? — 1525 — 872 — 125 = 0.

Therefore, the polynomial
k(z) = 2% — 152° — 872% — 125 =0

satisfies k (\ﬁ + f’/g) =0.
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2023.2 Question 5

1. (a) By rearranging, we have
1
= 1 —_—
(En+1 + T T 17
and z, > 1 for n = 0.

If z,, > 1 for some n = k > 0, we must have ﬁ > 0, and hence

1
T+ 1

$k+1:1+ >17

and so zpy1 > 1.
Hence, by the principle of mathematical induction, x,, > 1 for all n € N.

(b) We have
1 2
2
—2=11 —2
2 1
=1+ + 5 — 2
T+l (z,+1)
142, 1) — (2, +1)°
(xn+1)2
1422, +2—af — 22,1
(-Tn+1)2
—xi+2
(ﬂr,‘,ﬁ—l)2
. 9:,2172
(mn+1)2'
Since
1
— >0,
(T +1)

it must be z7,; — 2 and 22 — 2 must take opposite signs.

(c) 23 —2=-1<0, and so 22 — 2 < 0 for all even n, and > 0 for all odd n.
Hence, 2%, — 2 < 0,and hence 2%, < 2.

We have
z2—2l=]1-2=1,
|5 1-2|
1 1
|I% *2| < Z|I8 *2’ e
a2 2| < 3.,
and hence ) 1
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We have
920 _ (220)2

= 10242

> (103)2

=109,
and so

|x%0 — 2| =212}, <1075,

and hence

2-107"% <23, <2,

which gives
2-107° <23, <2.

2. (a) We have

2 —2v/2y,
ynﬂ,\@:u

2Yn
2
a 2y
2
(yn - \@)
2y
Yn > 1 is true for the base case n = 0.
If it is true for n = k, we have
2
n— V2
V2 |

and SO Yp41 — V2> 0, and hence y,4+1 > V2 > 1 as desired.
In fact, we can conclude that y, > V2 for all n > 1.

(b) Since y,, > 1, we have 0 < i < 1, and hence we have

(%*\@2'

yn+1_\/§§ 2

We aim to show the desired result by induction on n. The base case when n =1 is

42 12+2 03

hn 2y0 2 57
and o1
RHS = 2- v2-1 ZQ.LM:%f\/i
2 4 2
and hence 3
LHS:yl—\/§=§—¢§gRHs
as desired.
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Now we assume the desired result is true for some n = k. For n = k + 1,

(ur — V2)°

Y1 — V2 < 5
-]
- 2
()
2

which is precisely the desired statement for n = k + 1.

So the desired is true for the base case where n = 1. Given it is true for some n = k, it is true
for n = k + 1. Hence, by the principle of mathematical induction,

2
Yn "\/ifg 2. (:Vﬂ%2:1>

n

for all n > 1.

(¢) First, we have y19 > v/2 by the stronger bound found for the first part.
Additionally,

210

ylo—\/§§2'<\/§2_1>

[ V)
=
=3

[7A
[\
DO ol
S~

[\
-
=]

-
o
[ V)

Il
2o

I Il
(%) [N
Y : :
— = T~
[N b&‘ —
N———
N

BT
For the bound, notice that

1 1

9211—1 7 920481
1
92047
1
922040

1
1
< (109)21
1
< (109)2
1
~ 10600°

<
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and so
Y10 < V24107609,

Hence, we can conclude
V2 <yip < V241075

as desired.
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2023.2 Question 6

The base case is when n = 1, and we have
_(Fy iy (0+1 1) (1 1
ws= (i 2)=("1" 0)=(1 o)

1 1
s —a- (1 1)
so LHS = RHS holds for n = 1.

Assume that for some n = k > 1, the original statement is true.
For n = k 4+ 1, we have

and

LHS — (Fk+1 Iy )

F,  Fr

_ (Fe At Fer Fpoa 4 Fro

y, 4
(1 1\ [ F Fi.
1 0) \Fro1 Fis
=Q Q"
:QkJrl
= RHS.

So, the original statement holds for n = 1 base case, and assuming it holds for some n = k > 1, it
holds for n = k + 1. Hence, by the principle of mathematical induction, for all positive integers n, we

have
FrH—l Fn _ n
( Fn Fn—l) N Q '

det (FFFI FF’;) =Fy 1 Fy 1 — F2,

1. We have

and on the other hand
Fn+1 Fn _ n
det( F Fnl) = det(Q")

— det(Q)"

Hence,
Fn-i—an—l - F,Z = (_1)71

for all positive integers n.

2. On one hand,

Qm+71 _ Fm+n+1 Fm+n
Fm+n Fm+n71 ’

and on the other hand,

Qm+n — Qm . Qn
_ Fm+1 Fm Fn+1 Fn
Fm Fm—l Fn Fn—l ’
By comparing the top-right entry, we have Fi,,, = Fy41F, + Fi Fo—1 for all positive integers m

and n.
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as desired.

(a) On one hand, we have

k=0
_ Zn: (n) (Fk-H Iy )
P k F,  Fp_

and on the other hand,

I+Q)" = (Q*)"
_ Q2n

— F2n+1 F2n
Fop  Fop1)’
Hence, comparing the top-right entry gives us
" /n
F271, = ];) <k/’> Fk

as desired.
(b) Notice that,

QP =Q-Q’
=Q(I+Q)
=Q+Q?
=Q+(1I+Q)
=1+2Q.

Hence, on one hand, we have

1429 =Y (Z) (2Q)"

k=0
_ — (n kk
-2 <k>2 @
k=0
:i <n)2k <Fk+1 Fy >
—\k F, Fp.)’
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and on the other hand,

(I+2Q)" = (Q%)"
— Q3n
_ (F3n+1 FSn >
F3,  F3p_q)°

Comparing the top-right entry gives us

k=0
Also,
QSn _ Qn . Q2n
(o
k=0
n n .
(e
k=0
Hence,

F3n+1 F3n — zn: n Fn+k+1 Fn+k
F3n  F3na k Foix Favp-1)’

as desired.
(c) Consider P =1 — Q, we have

eera- (3 9)-(00)-(4 -5 4

We experiment P™ for small ns.

We claim that
F, 1 -F
PTL — n n
<_Fn Fn+1>
and we aim to show this by induction on n.
The base case where n = 1 is already shown above. Assume that this statement is true for
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somen==k>1, forn=k-+1,

LHS = PF+!
—P.PF

(0 =1\ [Fy_1 —F;
T\-1 1 —F;  Fria
_ Fk} _Fk+1
—Fy1—Fy Fip+ Frq
_( Fx  —Fin
—Fit1 Friz
= RHS.
So the claim is true for the base case n = 1. Given it is true for some n = k, it is true for
n = k + 1. Hence, by the principle of mathematical induction, this statement is true for all

positive integers n.
This means, we have

1-Q"= (P:"Z;: ;ﬁ) :

Fn+1 Fn anl _Fn
Fn Fn—l _Fn Fn+1
)1,

and hence

Q"I-Q)"
Fn+1Fn71 - F»r%

FnJranfl - Fy%)

(-1

On the other hand, using the binomial theorem, we also have
" /n
QI-Q"=Q" ), (k> (-Q)"
k=0
- Q" <"> (-1FQF
k
= <n>(—1)’“Q"+’“,
_1\n 1 _ - n _1\k Fn+k+1 Fn+k
o ()= (e (i i)

k=0

o

and so

By comparing the top-right entry, we have

(_l)an-‘rk:

o
I
[
PR
> 3

>
Il
o

(~1)"-0 (1) Fpp

|
[
PR
> 3

b
Il
<]

)

b
Il
=]

o
|
[
PO
> 3

as desired.
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2023.2 Question 7

1. Let z=a+ib and |z| = Va? + b%. Let w = c+id and |w| = v/¢? + d2.
We have zw = (ac — bd) + (bc + ad)i, and hence

|zw| = v/(ac — bd)? + (bc + ad)?
= \/a202 + b2d? — 2abed + b2c? + a2d? + 2abed
=Va2e? + b2d2 + b2c? + a2d?
= /(a2 +b?) (2 + d?)

— ‘/a2+b2‘/62+d2
= |z[wl]

as desired.

2. Let z =2+ and w = 10 + 114, we have |z| = v/5 and |w| = v/221.
Multiplying them gives us zw = (2 x 10 =1 x 11) + (10 x 1 + 2 x 11)i = 9 4 324.
We have |zw| = |z||w|, and hence v/92 + 322 = /5 x 221.
This means 92 + 322 = 5 x 221, and hence a possible pair is (h, k) = (9, 32).

3. We have 8045 = 5 x 1609 = (1% + 22) (40% + 32).
Let z =2+ i,w =3+40i, zw = (2 x 3—1 x 40) + (2 x 40 + 3 x 1)i = —34 + 83i.
Since |zw| = |z||w], we must have
34% +83% = (17 4+ 2%) x (40° + 3?)
=5 x 1609
= 8045,

and hence (m,n) = (34, 83) is a possible pair of solution.
4. We notice that 36 is a square number, and
36 x 50805 = 6% (102* + 201°)
=6>-102° + 6% - 2017
= (6 x 102)% + (6 x 201)?
= 612° + 1206°.

Hence, (p,q) = (612,1206) is a possible pair of solution.
5. First, we observe that 1002082 = 1002001 + 81 = 10012 + 92, and hence similar to the previous

part, we have
25 x 1002082 = 52 (92 + 1001?)
= (5 x9)% + (5 x 1001)
= 45?2 4 50052,
and (r,s) = (45,5005) is a possible pair of solution.
Furthermore, since 1002082 = 10012 + 92, and 5% = 42 + 32, consider z = 3+ 44, w = 1001 + 94, we

have
2w = (3% 1001 — 4 x 9) + (4 x 1001 + 3 x 9)i
= (3003 — 36) + (4004 + 27)i
= 2967 + 40314,
and (r, s) = (2967,4031) is a possible pair of solution since |zw| = |z||w|.

Eason Shao Page 368 of 430



STEP Project Year 2023 Paper 2

Similarly, z = 4 4 3¢ and w = 1001 4 97 gives

2w = (4 x 1001 — 3 x 9) + (3 x 1001 + 4 x 9)i
= (4004 — 27) + (3003 + 363
= 3977 + 3039,

and therefore (R, s) = (3039,3977) is another possible pair of solution.

6. We have 109 = 100 + 9 = 102 + 32, and let z = 10 + 3i, w = t + ui, we examine the linear system
of equations
10t — 3u = 1001,
3t + 10u = 6.

This solves to t = 92 and u = —27. But since (—27)? = 272, we must have (t.u) = (92, 27) satisfies
the desired equation.
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2023.2 Question 8
1. Let the tetrahedron be OABC, and let |OA| = a,|OB| =b,|0C| = ¢,|BC| = d,|AC| = e,|AB| =
f.
This tetrahedron is isosceles, if and only if a = d,b =e¢, and c = f.

The perimeter of the face OAB is a + b+ f, of face OBC is b + ¢ + d, of face OAC is a + ¢ + ¢,
and of face ABC is d+ e+ f.

If the tetrahedron is isosceles, a = d,b = e and ¢ = f, then all the faces have perimeter a + b+ ¢
and are equal.

If all faces have equal perimeter, then comparing the perimeters of faces OAB, OBC and OAC,
a+ f=c+d, b+ f=c+e,b+d=a+e.
Hence,a —d=b—e=c— f. Let the difference be t, and a =d+t,b=e+t,c= f +t.

Comparing the perimeter of face OAB and face ABC this time, we have (d+1t) + (e+t) = d +e,
which gives ¢t = 0.

Hence, a =d, b =e¢, ¢ = f, and the tetrahedron is isosceles.
2. Applying the cosine rule in triangle OBC, we have
lal®> = [b|* + |c|* — 2|b]|c| cos ZCORB
and using the dot-product formula
b - ¢ = |b||c|cos ZCOB,

rearranging gives us
2b-c = [b]> + |c|* — |a]*.

Similarly, we have
2a-b = [a* + [b[> — [cf?,
2a-c = |a|’ + |c|> — |b]®.
Summing these two, we get
2a-b+2a-c=2al’
a-b+a-c=lal’
a-(b+c)=la]’.

3. Let g be the position vector for G. |OG| = |g| = 1|a+ b +c|.
Consider the distance between A and G.

|AG| = ‘ﬁ‘

=lg—al
1
=—|-3a+b+c|.
4
We want to show that |a+ b + ¢| = |—3a+ b + ¢|. The following are equivalent
la+b+c|=|-3a+b+c]|

la+b+c]>=|-3a+b+c|
la]> + [b]* +|c/*+2a-b+2a-c+2b-c=9]a* + |b]° + |c| —6a-b—6a-c+2b-c
8a-b+8a-c=8lal’
a-(b+c)=lal’
and this is true from the previous part.

Hence, |OG| = |AG|. By symmetry, |OG| = |AG| = |BG| = |CG| and hence G is equidistant from
all four vertices of the tetrahedron.
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4. Notice that
la—b—cl®=]a*+|b*+|c/°—2a-b—2a-c+2b-c

[af* + bl + [ef” = 2Jal® + (Ib[* + [of” — Jal*)

= —2|a]* + 2|b]* + 2|c?

=2 (b + lef* - Jaf*)

=4b-c,

and since the left-hand side is a square, it is non-negative, which means the dot product is non-
negative.

Hence, cos ZBOC > 0, which means it must not be obtuse. By symmetry, this means none of the
angles are obtuse.

If one of them is a right angle, say ZBOC, then the dot product evaluates to 0, which must mean
la—b—c|=0.

Hence, a = b+c, which means A lies in the plane containing O, B, C. This will not be a tetrahedron,
and hence no angles can be right angles.
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2023.2 Question 11

1. For some 1 < i < n, we have

Hence,
E(Y) =) ;P(Y =)
=1

= wi(pai + qby)

=1

n n
=p> wiai+qy zib;
i=1 i=1

=pE(X1) +q¢E(X>)
= pp1 + qpa.

For the variance, we have
n
E(Y?) =) 2} P(Y = ;)
i=1
= Zx?(pai + gb;)
i=1
=pY xla;+qy aib;
i=1 i=1
PE(X?) + ¢ E(X3)

=p (E(X1)* 4 Var(X1)) + ¢ (E(X2)? + Var(X>))
p (3 +01) +q (s +03),

and hence
Var(Y) = E(Y?) — E(Y)?
2

=p(ui+07)+q (13 +03) — (b1 + que)
_ 2 2 2 2 2 2 2. 2
= poi + qoy + puy + qus — P T — ¢ty — 2pgpapo
= pot + qos + p(1 = p)ui + q(1 — Q)3 — 2pqpu e
= poi + qo3 + paui + pau3 — 2pqpi iz
= po? +qo? + pq (1 — p2)”,

as desired.

2. We have

11 15 1
PB=1=3%5%35 12
Z1 is the sum of n independent values of B, and counts the number of times when B = 1.
Hence, Z; ~ B (n, %)

Since n > 1, we have
1 nn
Zi~B(n, - &N(f,f).
L <” 2> 2° 1
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The probability of Z; being within 10 percent of its mean is given by

n o on ok o
—— — < _ 20 £ 7 < 20
P(z 20—21—2+20> P( éﬁ—Z—@)
=P f@<Z<@

20 —  — 20

where Z ~ N(0, 1) is the standard normal.

NG

As n — oo, —¥5 — —o0, and ‘2/—05 — 00, and so the probability approaches P(—oco < Z < o0)

which is 1.

3. Let X; ~B (n l) and Xg ~ B (n, %) Z9 has % chance of taking X; and % chance of taking Xo.

We have py = 2,9 = 5, 0% = 0F = 0.
Hence,
1 n 1 5 n
E(Z) == —4+-. - =_
(Z2) B 6+2 6 5"
and

2 2
1 5n 1 5n 1 (n b5n n m
Var(Zs) = - - o0 =20 2 (0 on
(%) =5 355 36+4(6 6) 9 36

A normal approximation will not be a good approximation since in this case, Zs is bimodal — it is
likely to take values close to ¢ or %”, but not near the mean 7.

The bounds within 10 percent of the mean is 5§ 4 5. We have

P(G-mensh o) dr(omenshon) i -gensien)
1
L Fexrir(need)
P35 <)
2 20

Since n is large, we have X; ~ B (n, %) ~N (%, g—"), and hence

and as n — o0, 1;‘\/2 — 00, and hence the probability tends to 0, as desired.
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2023.2 Question 12
1. We first consider the event Y < ¢.

Y <t <= max{X;,Xo,..., X, } <t
— X17X2,...,Xn§t

— X;<t, X<t X, <t
Hence,

PY <t)=P(X; <t,Xo<t,--, X, <)
=P(X; <t)P(X2 <t)-P(X, <t)
=[P(Xx<p)]”

as desired.

We first find the cumulative distribution function of X, F. For 0 < x < 7,
Flz) = / () dt
0
1 x
= f/ sintdt
2 Jo
1 x
=-3 [cos ],
1
=3 (1 —cosx).

Now, let G be the cumulative distribution function of Y. We have 0 <Y < 7. For 0 <y <,

Gly) =P(Y <)

= [P(X1 <y)]"
=[F(y]"
1 " 1
= {2(1cosy)} :ﬁ(lfcosy)”.
Hence, the probability density function of Y, g, is given by
9(y) = G'(y)
1 _
= — .n-sinz-(1—cosX)" "
2I’L
_ msinz (1 —cos X)"
= o
for 0 <t < m, and 0 otherwise.
2. m(n) is such that
1
Glm(n) = 5
1 1
o (1 — cosm(n))" 3
(1 —cosm(n))" =21
1 —cosm(n) = 2"
cosm(n)=1-— 21w
m(n) = arccos (1 —2! ?)

. . _1 . 1 .
As n increases, % decreases, 1 — % increases, 2!~ increases, 1 — 2!7% increases, and so m(n)
increases. m(n) — m as n — 0o.
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3. By definition, we have

u(n) = B(Y)

:/ ﬁJcsinaz:(l—cosal:)n_ldx

o 2"

1 T . n—1
= [ x-nsinz(l-cosz)" " dz

2" Jo

1 [" n
= x-(1—cosx)" dx

2" Jo

1 e L [T n
:ﬁ[x(lfcosx) }0727 (1 —cosz)"” dzx

0

1 n n 1 " n
=—[r-Q1+1D)"=0-(1-1) ]——/ (1 —cosz)" dz

2n 2 /o

1 1 (7
:27.7r-2”—2—n ; (1 —cosx)"dx

1 [" n
=T— (1 —cosz)"” da.
2" Jo

(a) By taking difference of two consecutive terms of u(n), we have

1 4 1 /"
{77— 2n+1/0 (1 —cosa)" ™ dx} - {77— 5/0 (1 —cosx)”dx]

1 (7 1 T
= (1 —cosx)" dz / (1—cosz)" ™ da
0

u(n+ 1) = p(n)

2" Jo - onl
1 ™
= St / {2 (1 —cosz)" — (1 — cos x)"H} dz
0
- L /Tf (1 —cosz)"[2— (1 —cosz)]dx
2n+1 0
1 g n
= W/o (1 —cosz)” (1+cosx)de.

For 0 < z < m, we have 0 < cosz < 1, and so the integrand is positive on the interval.
Hence, p(n+1) — p(n) > 0, and p(n + 1) > u(n), and hence p(n) increases with n.
(b) On one hand, we have

m(2) = arccos (1 - 21*%) = arccos (1 - \@) .

On the other hand,

1 T
,u(2):7r77/ (1 —cosz)® da
4 Jo
1 (" 9
:ﬂ'*i (172cosx+cos x)d:c
0
1 (" 2 1
:71'—*/ (1—2005x+cosx+>dx
4 Jo 2
1 (" 1
:wff/ §72(:osx+fcos2m dx
1), \2 2
1/3 o +1 19 "
=7—— -2z —2sin — sin
T 1 21‘ sin x 4s T .
1(3 . . 1 . .
=r—-|=(m—x)—2(sinm —sin0) 4+ — (sin 27 — sin 0)
412 4
B 1 3
=T ) 27r
5
= —T.
8
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We want to show that

1 )
(0 < T <> g™ < arccos (1 - \/5) (<),

and this is equivalent to showing that
5
cos o >1-2.

We first notice that cos %w = cos (%w + éw), and notice that cos (%w) is such that

1 1 1
2 cos? <7r> —1=cos (2 . 7r> - cosi =,
8 8 4 /2

and hence
1 2 2
QCoszzzlJr—: +\[,
8 V2 2
meaning
T 242 V24+2
cos — = = .
8 4 2
Therefore,
. o T 24 \/§ 2 — \/Q
sin® — =1-— =
8 4 4
and hence
TV 242
8§ 2
Hence,

5 1 1
COS =T = COS | =T + =7
8 2 8

1
= COS =T COS —7 — Sin —7wsin =7
2 8 2 8
1
:O— 1 —
sin 877
V2 -2
5 .

Finally, we have the following being equivalent:
5
cos gﬂ' >1-+2

(0>)—%ﬁ>1—f2

22

2 /2

241-2v2> 4‘[

12-8V2>2-12
V2 < 10

49 -2 =98 < 100

is true, and hence u(2) < m(2) as desired.
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