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2020.3 Question 1

1. Using integration by parts, we have

z
I(a,b):/ cos® z cos bx dx
0
1 (2
f/ cos® x d sin bx
b Jo
1
b

- 3
l(cos“ xsinbx)§ — / sin bz d cos® x]

0

™
z
= 77/ sin bx d cos® x
0

a [z . . _
= f/ sin ba sin z cos®™ ! z dz.
0

Notice that
cos(b — 1)z = cos bx cos x + sin bx sin

and hence
z
Ila—1,b—1)= / cos® 'z cos(b — 1)z dx
0
= /2 cos® ! x(cos ba cos = + sin bz sin ) dz
0
z z
:/ cosaxcosbxdx—i—/ sin bz sin z cos® ! z da
0 0
b
= I(a,b) + —1(a,b)
a
a+b
= I(a,b
a (a7 )7
and hence a
I(a,b) = Ila—1,b—1
(0.6) =~ Ta—1,6-1),
as desired.

2. We look at the base case where n = 0, and we have

LHS = /2 cos(2m + 1)z dx
0

1 z
= 7 [sin(2m + 1)z]¢

2m +
1 . 2m+)r
= S1n
2m +1 2
_ (=™
T om+ 1’

and
20012m)im! (=)™

m!(2m+ 1) 2m+1’
and so LHS = RHS, which means this holds for the base case where n = 0.

RHS = (—1)

Now assume this is true for some n =k > 0, i.e.

o 2Rk (2m)! (K + m)!
m!(2k +2m + 1)1’

I(k,2m+k+1) = (—1)
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and we look at the case n = k + 1. Note that

LHS = I(k +1,2m + k + 2)

kE+1
om 4 kgl MR
B k+1 (_1)m2kk!(2m)!(kz+m)!
- 2m+2k+3 m!(2k +2m + 1)!

2Kk (2m) ! (k +m)!(k + 1)
m!(2k + 2m + 1)1(2k + 2m + 3)
2k (k + 1)12m)!(k +m)12(k +m + 1)

= (-1

== m!(2k + 2m + 1)!(2k + 2m + 2)(2k + 2m + 3)

2L (ke + D)1(2m)!(k +m + 1)!
m!(2k + 2m + 3)!

o 26 (e + D)12m)V[(k + 1) + m)]!

m!(2(k+1) +2m+ 1)! ’

_ (_1)m

~(-1)

which shows the original statement is true for n = k + 1.

Hence, by the principle of mathematical induction, the original statement is true for any non-

negative integers n, m.
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2020.3 Question 2

1. We differentiate with respect to x on both sides, and we have

d
cosh z 4 cosh yd—y =0.
x

If the curve has a stationary point (x,y), we must have g—g = 0 at that point, and hence

coshx = 0.

This is impossible since the cosh function has a range of [1,+00), and hence C has no stationary
d

points. (In fact we must have §% < 0.)

Differentiating this with respect to = again gives

dy\? 2
sinh x + sinh y & + cosh y—y =0.
dx dx?

At point (z,y), 327‘3 = 0 if and only if

du\ 2
sinh z + sinhy (dy) =0.
x

From the previous differentiation, we know that

dy  coshz
dz  coshy’
and hence 5
h
sinh ¢ + sinh y - M =0,
cosh”y

which gives
cosh? y sinh z 4 sinh y cosh? 2 = 0.

Using the identity cosh®¢ = 1 + sinh® ¢, we have
sinh 4 sinh? y sinh 2 4 sinh y + sinh? z sinhy = 0,

and hence
(sinhz + sinh y)(1 4 sinh z sinh y) = 0.

Since sinh z + sinh y = 2k and k is positive, we can conclude that
1+ sinhzsinhy =0,

as desired.

The only-if direction is identical since all steps above are reversible.

dYz
d=v

For a point of inflection, we must first have 0, and hence

sinh x sinhy = —1, sinh x + sinh y = 2k.

This means that sinh z and sinh y are roots to the quadratic equation in ¢

2 —92%t—1=0.

This equation solves to

1,2

2
_ Qki\/;k e

Therefore, the points where the second derivative is zero on the curve are

(arsinh (k +Vk2+ 1) ,arsinh (k FVk2+ 1)) )
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2. If £+ y = a and sinh z + sinh y = 2k, we must have y = a — z, and hence

ed—T _ pT—a

=2k
2 * 2

€2 — 1 4 e — 27 = 4ke®

X (1 — e %) — dke® + (e* — 1) =0,

as desired.

Since e” is always real, we must have
(—4k)? —4(1 —e ) (e* —1) = 16k? —4(e" — 1 —1+e %)
= 16k? — 4(2cosha — 2)
= 16k? + 8 — 8cosha
>0,

and hence
cosha < 2k% + 1.

As for the left-hand side inequality, we already know cosha > 1. cosha = 1 if and only if
a =z 4y =0, in which case

sinh 4 sinhy = sinhz + sinh(—x) = 0 # 2k,

since 2k > 0.

Hence, we must have
1 < cosha < 2k? + 1,

as desired.

3. Notice that when cosha = 2k2 4 1, there is precisely one root to the quadratic equation, which
means x = y. Hence,

2k? +1 = cosha
= cosh(z + y)
= cosh z cosh y + sinh z sinh y
= cosh? z + sinh? z
=1+ 2sinh?z,
which shows that (since sinh x + sinhy = k)

sinhx = sinhy = k.

The graph meets the axis at (0, arsinh(2k)) and (arsinh(2k),0).

Hence, the graph must look as follows:
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2020.3 Question 3

1. Let k represent the point K in the complex plane, we must have
k—a=(b—a)exp (—zg) ,

and hence -
k=a+ (b—a)exp (—zg) .

Notice that
i 7r+.. T \/5_1_.1
w=exp|— ] =cos—= +isin— = — +i—
PG 6 6 2 'Y

and hence

w

V31
22
Hence, g4 is given by
a+b+k
3
a+b+a+(b—a)exp(—i)
3
2a+b+ (b—a) [cos E —isin T ]
3
2a+b+(b—a)(%—i§)
3
(3+i)a+ (3-12)0

Gab =

as desired.

2. @9 is a parallelogram if and only if

9voc — Yab = Yed — YGda
(wb+ w'c) — —= (wa + w*b) = —= (we + w'd) — —= (wd + w*a)

V3 V3 V3
wbhb—a—c+d) =w(d—a—c+Db)
(w—w)[(b—a)=(c=d)]=0
(b—a)—(c—d)=0
b—a=c—d

B
V3

)

which is true if and only if @, is a parallelogram. All the steps above are reversible. In particular,
w — w* # 0 so we can divide by w — w* on both sides.

3. Notice that

1
wb+w*c) — —= (wa + w*b
( ) \/3( )

[w e —wa+ (w— w™)b]

Gvoc — Gab =

[w*e — wa + bi],

Sl=Sl-8l-
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and that

(we +wa) — — (wa + w*D)

wce w a)— —(wa w
V3

= — [we+ (W' —w)a —w*b|

= — [we — ai — w"}).

3
Notice that

v o) ()

w exp (%) 3
w_w_ee(s) _  (in

—i i exp (%) - 3)7

1 _;i_exp(f%r)_ im
—w* W' exp (—1F) P \TE )

and hence we can wee
T
Gbc — Gab = (gca - gab) exp 7? s
which means Gpc is the image of Gg4 under rotation through % clockwise about G'ap, and this
shows that T5 is an equilateral triangle.
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2020.3 Question 4
We first show that @ lies on II. Notice that

g n=(x—(x-nn)-n
=x-n—(x-n)(n-n)

x-n— (x-n)|nf?
=x-n—x-n
:0’

so @ € 1I.
To show PQ is perpendicular to II, we show that the vector 1@ is parallel to the normal vector of

II, and notice
PO=a-p

=q—X
=—(x-n)n

is a scalar multiple of the normal vector n, and so is parallel to n, and perpendicular to II.

1. The normal vector to this plane is

We first find the projection of 1 on II, and the point’s position vector is given by
i—-(1-n)n=1-—an.
Hence, the reflection of 1 in IT will be the point with position vector

i+2[(i—an)—1 =1-2[an]

1 — 2a?
=1 —2ab
—2ac
a? +b% + c? — 2a?
= —2ab
—2ac
b2 +c? —a?
= —2ab ,
—2ac
as desired.
Similarly, the image of j under 7T is
—2ab
a2+ -2,
—2bc
and the image of k under 7T is
—2ac
—2bc

a?+b* -2

Hence, the matrix M which represents 7' is given by

b2 + ¢ —a? —2ab —2ac
M= —2ab a4+ 2 —b? —2be
—2ac —2be a2+ b2 -2
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2. Since the elements on the diagonal of M are given by 1 — 2a2,1 — 2b%,1 — 2¢?, we must have
1—2a%=0.64,1—20%> =0.36,1 — 2¢> = 0,

and hence

which gives

24/2 1
a::I:—3 7b::I:—\f,c::I:
5v/2 5

here the + signs do not necessarily match up.

Since —2ab > 0, —2ac > 0, —2bc < 0, we have a and b, a and c take different signs, and b and ¢
take the same sign.

Hence,

_ 3 _2v2 1
(a,b,c) = <i5\/§7¥5’$\/§> )

We verify these triples indeed satisfy the non-diagonal elements as well.

The Cartesian equation of the plane is therefore given by

ar+by+cz=0

3 2V2 1
k. S
5V2 5 V2
3x — 4y — 5z = 0.

z=0

3. The line has equation
l:r=Xn, A €eR.

A rotation about a line through 7 is simply a ’perpendicular’ reflection of the point about the line,
i.e. the reflection in the point on the line such that the point and the original point is perpendicular
to the line.

Let the original point be P with position vector x, and let the new point be @ with position vector
An, we must have
(Mn—x)-n=Xn-n—x-n=0,

which means
A=Xx-n,

and
q=(x-n)n

Hence, the image of P under this transformation is

Pp+2(q-p)=2q-p
=2(x-n)n—x.

If x =1, the image is

2a%2 — 1 a2 — b2 — 2
2an — 1= 2ab = 2ab
2ac 2ac

Similarly, the image of j under this transformation is

2ab
b2 —a?—-c2 |,
2bc
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and the image of k under this transformation is
2ac
2bc

2 —a?-b?

Hence, the matrix which represents this transformation, N, is given by

a2 —b® -2 2ab 2ac
N = 2ab b2 —a? —¢? 2bc
2ac 2bc ? —a? — b2

4. Notice that since N = —M, and M by definition is self-inverse, we have

NM=-MM = -M? = -1

)

which is an enlargement of scale factor (—1) with the centre being the origin.
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2020.3 Question 5
We notice that

RHS = (z — y) Z Tyt

1. Notice that

z—k

Since f is a polynomial, the numerator must be divisible by the denominator, and hence when
x = k, the numerator must be 0, which means

1— AK" =0,

and hence 1

A=—.

kn
Hence,
1— Az™ 1 AN
1@ =—— z—k( _(k) )

as desired.

Using the identity, we have

1— Az™
fla) =
-3
z—k
1kt —an
Tk z—k
1 —(e—k)> ke
e r—k
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and hence
A =)
F =
(z) xz—k * "
- 1 Z?:l kfrl.rfl
Ckn(xz — k) an
1 - 1
T k(e —k) 2 krgn—r+l
r=1
1 - 1
= In _ - Z n—r+1pr
k(x — k) — krortle
R T
Ckn(x—k) K = knmrar?
as desired.
2. Notice that on one hand,
d d 1 1
" F(p) = — - _
dz” () drz—k (z — k)2’
and on the other hand, using the expression above, we have
d , _d x" R s
it ey ey ; Jon—r
~onx" k(@ — k) — 2™k 1 " (n—r)zn !
- 2n _ 2 T n—r
k2 (x — k) k — k
na" 'z —k) —a" n—r

kn (.CL‘ _ k)Q kn—r-{-lx—n-&-r-i-l
r=1
_ nen! x™ i n—r
- k™ (z — k) - kn(x — k)2 - . n—r+1lp—ntr+l’
r—=
Hence,
1 nzx™ ! " - n—r

kn(z — k)2

- (z — k)2 = kn(z — k) - . fn—r+lp—ntril

r=

1 "

na™ 1 - n—r
@ KE Rk Ez k) ; fr—r+lg—ntr+l

1 - 1 - n n i n—r
o(x— k)2 kn(z—k)?2  krx(zr—k) T gl

precisely as desired.

3. Let n =3 and k£ = 1, and hence we have

1 _ 1 3 3—r
xg(a:fl)Q_(x—l)z_x(a:fl)—i_gw
o 3 3 2 1
@1 z2-1 2z 273
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Hence, we have

/Ndx /N 3 +§+£+i dax
o w3z —1)2 s (=12 z—-1 =z 22 3

N
2 1
—3ln\m—1|+31n|x|—f——
- T 2:522
(s 1 2 1 a2 1 2 1
- N—-1 N—-1 N 2N? "TT1T 2 24
17 N 1 2 1
— ' _3m2 -2
g 3 +< N-1 N-1 N 2N2>

We take the limit as N — oco. Since % =1+ ﬁ, and as N — oo, N 7 — 0, this means that

In % — 0. All the fractions with N on the denominator also approaches 0. Hence, the limit of

this integral as N — oo is
o dx 17
———=——-3In2
/2 (x—-1)2 8 "
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2020.3 Question 6

1. Note that this function has symmetry about the y-axis since cos is an even function.

When 2 =0,y =1++1=2. Whenx:i%,y:%.

We investigate the gradient:
d 1
& _ —sinx — 2sin 2z -

1
dx 2 Vcos 2z

sin 2z

vcos2x ’

SO % takes opposite sign as x, which means that y is decreasing when x > 0, and y is increasing
when z < 0, and z = 0 gives a maximum.

Also, note that

= —ginz —

. dy . dy
lim —= = —o00, lim —= =00,
sz de z——z+ dx
which means the tangent to the graph at those points are vertical.

Hence, the graph looks as follows:

2. The graph looks as follows.
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9_7\'
4
7
4
7
4
3
7
4
7
7
4
7
7
3
7
4
7
7
7
7
7
3
7
4
p 2 0
N 0
N
N
N
N
N
N
N
N
N
N
N
N
N
N
N
N
N
N
N
N
N
N
N
0_ ™
4

3. By solving the quadratic, we have

2cosf + \/4cos2 0 — 4sin’ 0
r= cos \/ C;)S st = cosf + Vcos 20.

— 41 = L
Hence, at 0 = &7, 7 = 75

When r is small, we must have that » = cos — v/cos 26 and 6 is small, and
—2rcosf +sin? 6 ~ 0

sin’ 9
2cosf

r~ —sinftan6

~ =62,
"o
as desired.
The curve will look as follows. At 6 = :i:iw, the curve is tangent to the lines. At r = 0, the curves

are tangent to the initial line.
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The area between Cs and 8 = 0 above the line is given by

™

A= %/OZ {(cos@+m>2 — (cosﬁf m)j de

%/4 4 cos 0V cos 20 dO

0

=
:2/ cos v/ cos 260 A6
0
2/46089\/172Si1129d9
0
z
:2/ V1—2sin?0dsind
0
%
:2/ V1—2z2dx
0

Z\/ﬁ/lvl—gﬂdy
T

™

22’

as desired, the final integral being because this is % of the area of the unit circle, which is 7.
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2020.3 Question 7

1. By differentiating both sides of the second differential equation, we can see

d? d d
o g @y @) =T
= h(@) - f(@)u

and hence rearranging gives

as desired.

2. We must have g(z) + f(z) =1+ 2, and ¢'(z) + f(z)g(z) = 2 + 5, with h(z) = 4z + 12.

Hence, from the first equation, we have f(z) = 1
equation gives us

— g(z), and putting this into the second

+
g+ (142 = g(a)) ot = 2+ 5.

If g(x) = k2", then ¢'(z) = knz"~!, and putting this back we have

4 2 2
knz"~t + (1 + - — k;x") ka" = —+ —,
T T T

which gives
—k22®" fka™ + k(n +4)2" " =227 + 2072

Therefore, we could simply let n = —1, and k = 2. Verify that

LHS = 4272+ 227 ' +2-3272 =22~ ! + 2272 = RHS.

Hence, g(z) = 2, and f(z) =1+ 2.

The differential equation for v is

d 2
u+<1—|—>u:4x—|—12.
dx T

The integration factor is
I(.’E) _ ef(1+%)dw _ ex+21na: _ (E26$,

and hence

dz2e®u

= 4z3e® + 12z%€%.
dx

d
x26“£ +e”(2% + 2z2)u =

Notice the right-hand side is the derivative of 4z3e®, and hence

22y = 4a%e® + C.

When z =1,
dy
Womi = | 90 vlems
=-3+4+2-5
= 7,
and hence
Te =4e+ C,
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giving C' = 3e.
Hence,
3
u = 4x + 26
x=e”
The differential equation for y gives
dy L 2
A Y )
and hence the integration factor is 22, giving
d 2
vy =42° +3e-e7 ",
dx

and hence by integration on both sides, we have

?y=xt—3e-e T +C".

Since when z = 1, y = 5, we must have

5=1-34C",
giving C' = 1.
Hence,
22y =a*—3el 7T 47,
and hence

y=a? -3z %" 47072
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2020.3 Question 8

1. It is not difficult to see that the terms in the sequence are all positive. Consecutive pairs of terms
with the first one having odd index in the sequence are ugi11 and ugg1o for k > 1 (the case where
k =0 is excluded due to the first pair being separately considered). We have

Ukt1 — Ugkt2 = (Uk + Uky1) — Uyt

SO U2k+1 > U2k+2-

Consider the terms wugy and uspy1 for k > 1, which is consecutive pairs of terms with the first one
having even index. We notice

Ugkt1 — U2k = (Uk + Uk41) — Uk
= Uk+1
> 0,

SO U2k4+1 > U-

As for the first pair u; = ug = 1, the term with the odd index is not greater than the term of even
index.

Hence, for every pair of consecutive terms of this sequence, except the first pair, the term with odd
subscript is larger than the term with even subscript, as desired.

2. If the two consecutive terms take the form wugx1 = ug + ugp1 and uggio = ugy1, we have uy =
Usgt1 — Usgto. If d | ugg1 and d | uggio, we must have d | up = ugp1 — Usgta, and d | upy1 =
Ugk+2, which are two consecutive terms as well. Notice that £k +1 < 2k 4+ 2 for £ > 1, so this is
some pair before the original pair.

In the other case where the two consecutive terms take the form uor = ug and ugg41 = uk + Ugy1,
we have ugy1 = uokt1 — ugk. If d | ugg and d | ugkr1, we must have d | ugy1 = k41 — ugk, and
d | ug, = ugk, which are two consecutive terms as well. Notice that k+1 < 2k + 1 for k& > 1, so this
is some pair before the original pair.

We use the idea of proof by infinite descent in this part. The first two terms u; = ug = 1 are
co-prime, since one is the only common factor they share. Now, assume there exists some pair of
consecutive terms in the sequence that are not co-prime, then there is one with the smallest pair
of indices.

If this pair is the first two terms, this is impossible since the first two terms are co-prime. If they are
not, by the previous part, there must exist another pair of consecutive terms with smaller indices,
which contradicts with this pair being the pair with the smallest indices.

Hence, such pair of consecutive terms in the sequence being not co-prime does not exist.

3. We still use the idea of proof by infinite descent here. B.W.0.C assume that two integers appear
consecutively in the same order twice. We consider the first pair of consecutive integers appearing
twice, with the smallest indices. There are two cases:

e The indices where they appear are ugy, and wusg41, where k > 1. Let
Uk = C, Ugk4+1 = d,

and hence d > c.
Since they must re-appear in the same order, it must be the case that they re-appear at
Ugy, = ¢ and Ugmy1 = d, since the odd-indexed term is always greater than the even-indexed
term, and here m > n.
Since

Uk = Uk = C, Ukl = Uk + Ug41 = d,
we have

ugt1 = d —c,
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and similarly
Um41 = d — c.

So (uk,uk+1) = (Um,uUms+1) = (¢,d —¢). But since k > 1, 2k > k, and this implies that
ugy and usgg11 is not the first pair of consecutive integers appearing twice, hence leading to a
contradiction.

e The indices where they appear are usg_1 and uog, where k > 1. Let
Ugg—1 = C, Ugp = d,

and hence ¢ > d with the equal sign taking place if and only if £k = 1. By similar reasoning,
it must be the case for some m > k that us,, 1 = ¢ and ug,, = d. Since m > k > 1, we must
have ¢ > d and hence k > 1. Hence,

Ugk—1 = Ug—1 + U = C, Up, = Uy, = d,

implying
Ug—1 = Ugk—1 — Ugg = € — d,
and similarly
Ump—1 = C — d.

So (ug—1,ur) = (Um—1,Um) = (¢ —d,d). But since k > 1, 2k —1 > k — 1, and this implies
that usg_1 and wusgk is not the first pair of consecutive integers appearing twice, hence leading
to a contradiction.

Both cases lead to a contradiction, so it is not possible for two positive integers to appear consec-
utively in the same order in two different places in the sequence, as desired.

4. In the case where a > b, if a and b do not occur consecutively with b following a, then there does
not exist a k > 1 such that
Ugk—1 = @, Uz = b.

If there exists m > 2 such that
Upm—1 = @ — b, Uy, =0,
then notice
Uam—1 = Um—1 T Um = A, U2m = Uy = b7
and for kK = m we have usi_1 = a and usgr, = b. Hence, such m does not exist, and a — b and b are
two co-prime positive integers which do not occur consecutively in the sequence with b following
a — b, and whose sum is smaller than a + b.

Similarly, in the case where a < b, if @ and b do not occur consecutively with b following a, then
there does not exist a k > 1 such that

Uk = @, Ugk41 = b.

If there exists m > 1 such that
U = Ay Umt1 = b — a,

then notice
U2m = Um = Gy U2m 41 = Um + Uil = b,

and for k = m we have ugr, = a and ugx41 = b. Hence, such m does not exist, and a and b — a are
two co-prime positive integers which do not occur consecutively in the sequence with b—a following
a, and whose sum is smaller than a + b.

5. Suppose that there is some rational number ¢ = § where ged(a,b) = 1, a,b > 0 which is not in the
range of f. Let a,b be such that the sum a + b is the lowest. Then, there does not exist an integer
n > 1, such that

fn) =5
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Since all consecutive terms in the sequence are co-prime, this means there does not exist an integer
n > 1, such that
Up = A, Up41 = b.

If a > b, then the pair (a — b,b) with a sum less than a + b must not exist consecutively in the
sequence either, which contradicts with that a + b is the pair with the smallest sum.

If a < b, then the pair (b,b — a) with a sum less than a + b must not exist consecutively in the
sequence either, which contradicts with that a + b is the pair with the smallest sum.

If a = b, then the only possibility is a = b =1, but n = 1 gives u; = 1 and us = 1, so this is not
possible.

Hence, such rational number which is not within the range doesn’t exist, and the range of f is all
positive rational numbers.

Since the fraction representation of a positive rational number is unique (given the numerator and
denominator are co-prime and both positive), and all terms in the sequence are positive, consecutive
terms are co-prime, and consecutive terms do not appear again in this order, it must be that case
that there is at most one pair of consecutive terms that gives the ratio of any positive rational
number ¢, which shows that f has an inverse.

Hence, f has a range of all positive rational numbers, and f has an inverse, as desired.
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2020.3 Question 11

1. Since X ~ Ula, b], we must have for the probability density function of X, that

for « € [a,b], and 0 everywhere else. Hence, the cumulative distribution function of X is

0, z < a,
Fx(z)=¢ %2, a<z<b,
b, otherwise.

Since f is bijective and strictly decreasing on [a, b], we must have for y € [a, b], that

P(Y <y) =P(f(X) <)
(
(

=P(X > f(y)
=P(X > f(y))
=1-P(X < f(y))
=1-Fx(f(y))
fly) —a
=1- b—a
_(b—a)=(f(y) —a)
b—a
_b—f)
b—a ’

as desired.

Hence, by differentiation with respect to y, we have the probability density function of Y satisfies

_ ')
Hence, by the definition of expectation, we have
b
E(y*) = / fr(y)y® dy
a
1 b
= —bfa/ —f'(y)y* dy
Y L
=- d
— /a y~df(y)

b
Sl —[y2f(y)]z—2/a yf(y)dY]

_

= —b2f(b)+a2f(a)+2/a yf(y)dy

b b
= g(bs—a3)—b2a+a2b+2/ yf(y)dx]

b
(b2+ab+a2) —ab+/ M

o b—a

2. Since £ + £+ = 1, by rearranging, we have
Z X c? y b
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By given, we have

and hence

Let f(z) = -%£. Notice that

r—c’

ac

a—c
_a?b/(a+Db)
a—ab/(a+b)
B a’b

a2 +ab—ab
—b,

and

be
b—c
_ab®/(a+D)
~ b—ab/(a+b)
ab?

fo) =

Also, since

as x strictly increases, % strictly decreases, —% strictly increases, the denominator strictly increases,
and hence f(x) strictly decreases.

Note that
1 T 1
flx) "z
and hence
1 1 B 1
r  flz) ¢
which implies
flx) = ().

So Z = f(X) for this f satisfying all three conditions above. Hence,

:bia[cx—f—chnLr—c”Z

= ﬁ [(cb+ b —c|) — (ca+ ¢*Inja — c])]
ey 2 ! b—c

T e Ma=¢c

c? (b—c)
=c+ In ,
b—a a—c¢
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and using the result from the previous part,

b
B(Z2) = —ab+ [ 221@) g,
o b—a
9 b2
:—ab+—~/ T dz
b—a J, x—c

9 b 2
:—ab—l—ic-/ (m+c+ ¢ )dx
b—a J, x—c

2c  [a2? 9 ’
= —ab+ | — 4 cx+ ¢ In|z — ¢
b—a |2 u

2 r 2 2
= —ab+ Ca' (b—|—bc+c2ln|b—c|> - <6l2+ac—|—c21n|a—c|>}

2
b—c}

a—c

2 [ b
= —ab+ —— . (b—a)<c+a—;)+021n
a

3 _
= —ab+ 2c c+a+b + 2 In b—c
2 b—a a—c¢

2¢3 -
:202+(a—|—b)c—ab—|—b ¢ ln(b C)

2¢3 -
=22+ ¢ ln(b C).
b—a a—-c

Hence, the variance of Z satisfies that

Var(Z) = E(Z?) - E(Z)?
2 3 _ 2 _
:2c2+clnbc—c+c lnbc
b—a a—c b—a a—c
2c3 b—c 2c3 b—c ct b—c\>
=2¢2 1 -2 - 1 — 1
C+b—an<a—c> ¢ b—an<a—c) (b—a)2n<a—c>
4 2
9 c b—c
=c* - 1 .
¢ b-ap “(a—a)
Therefore, since the variance of a non-constant random variable is always positive,
4 2
9 c b—c
> |
“ T -ap “(a—e)

(b—a)? >c2ha<b_c>2

a—cC

h—
cln( C)‘
a—c
<bc>‘ ‘ba
In <
a—c c

Notice that since b > a, we must have b — ¢ > a — ¢, so the natural log on the left-hand side is
positive, and the fraction within the absolute value on the right-hand side is positive as well, and

hence
<b—c> b—a
In < .
a—c c

|b—al >
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2020.3 Question 12

1. By the definition within the question, we have that X,Y ~ Geo(p), and for ¢ > 1,

For S =X +Y, we have for s > 2,

P(S=s)=P(X+Y =5)

For T = max{X,Y}, we have for ¢t > 1,

PT=t)=P(X=Y=t)+P(X=t,Y <X)+PY =t,X<Y)
=P(X=tY=t)+2P(X =tY < X)

P(X:t)P(Y:t)+2tz_:P(X:t,Y:r)

P(X:t)P(Y:t)+2tZ_:P(X:t)P(Y:T)

t—1
qtilpqtflp + 2qt71pzqr71p

r=1

t—1
_ q2t72p2 + thflpz qufl
r=1

_ _ 1*qt71
_ q2t 2p2 _|_2qt 1p2 :
—q
_ _ 1_qt71
_ q2t 2p2 _|_2qt 1p2 )

— q2t72p2 4 2qt71p(1 _ qtfl)

= pg"! (pg" +2 - 2¢'71)
=pg" ' (1—q)¢" ' +2-2¢"1)
— pgt—1 (2 +q— qt—l)
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2. Since U = |X — Y|, we have U > 0. For u > 1, we have

PU=u)=P(X - Y| =u)
=P(X - Y = +u)
—2P(X - Y =u)

=2 P(X=u+tY =t
t=1

and for u = 0,
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3.

4.

Since W = min{X, Y}, we have W > 1. For w > 1, we have

PW=w)=PX=Y=w)+PX=w,Y >X)+PY =w,Y < X)
=PX=w,Y=w)+2P(X =w,Y > X)

=P(X=w)P(Y =w)+2 i PX =wY =r)

r=w+1

=P(X =w)P(Y =w) +2 i PX=w)P(Y =r)

r=w-+1

[ee]
=q¢“ 'pg" I +2 Y ¢ T'pg
r=w-+1
o0
:q2w—2p2+2qw—2p2 Z qr
r=w+1

_ _ 1
— V22 4 2gu2p2g et .

_ _ 1
— V22 4 2g% 1p2~1;

_ q2w72p2 + 2q2w71p
_ q2w—2p (p + 2(])
=¢*"*p(1+q).

Since S = 2 and T = 3, the maximum of X and Y is 3, but they sum to 2, and this is impossible,
E)

However,
P(S=2)P(T=3)=(2-1)¢" *p* - p¢* ' 2+ ¢ —¢*")
= p3q2(2 + q3 qz)
#0
=P(S=2T=3),
as desired.

e U and W are independent. We split this into two cases of U to consider:
— When U =0, X =Y, and hence W = X =Y. In this case,

PU=0,W=w)=P(X =Y =w) = ¢** 2p?

and notice

P(U = 0) P(W = U)) - £ . q2w*2p(1 + q) _ p2q2w72’

SO

— When U = u # 0,
PU=uW=w)=PX=w,Y=w+u)+P(X =w+uY =w)
=2P(X =w,Y = w+u)
=2P(X =w)P(Y =w+u)

— quflpqw+u71p
— 2q2w+u—2p2
and u
24" w2 _ o 2wtu—2,2
PU=u)P(W=w)=——-¢"""p(1+q) =2 P
1+g¢
and so
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Hence, we can see that U and W are independent.

e U and S are not independent. Consider the case where S = 3 and U = 0. The event
S =3,U =0 is not possible since S = X +Y and U = | X — Y| must have the same odd-even
parity, giving

P(S=3,U=0)=0.

On the other hand,

2qp®
P(S =3)P(U = 0) = 2qp% - —2— —
( ) P( ) = 2qp Trq 1+p

£0.

This means
P(S=3U=0)#AP(S=3)PU =0),
and hence U and S are not independent.

e U and T are not independent. Consider the case where U = 1 and T' = 1. The event
U =1,T =1 implies that X = Y £ 1, and that the maximum of X and Y is 1, and hence
X =Y =1, which is impossible. Hence,

On the other hand,

2qp
HU:DPﬂEﬂ):TIEWQ+Q—U:2ﬁq#O

This means
PU=1,T=1)#PU=1)PT=1),

and hence U and T are not independent.

e W and S are not independent. Consider the case where W = 2 and S = 2. On one hand, since
min{X,Y} =2 and S = X +Y = max{X,Y} + min{X, Y} = 2, this means max{X,Y} =0
which is impossible, and hence

P(W=2,§=2)=0.

On the other hand,

This means
PW=2,5=2)=P(W=2)P(S=2).

e W and T are not independent. Consider the case where T = 1 and W = 2. Since T =
max{X,Y}=1and W = min{X,Y} = 2, the event T'= 1,V = 2 is not possible, hence

P(T=1,W=2)=0
On the other hand,
P(T =1)P(W =2) =p(2+q - 1)¢’*p(1 +q) = p*¢*(1 + ¢)* # 0.

This means
PT=1,W=2)4£PT =1)P(W = 2),
and hence W and T are not independent.

e S and T are not independent. Counter-example shown in the previous part.
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