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2010.3 Question 1
1. Notice that

2. By expanding the brackets,

=1
zn:xi—QAzn:xk—i—A%z

k=1 k=1
n

1 1 —
ZEZ i—2AE;xk+A2

k=1
1
= - — A2
n 2
k=1
3. Similarly, we have
1 n+1
_ 2 2
k=1
Hence,
1 n+1
_ 2 2
s DI
k=1
1 (& 1 2
T+l <Z$i +xi+1> - (n+ 1(nA+xn+1)>

k=1

= nil (n(B + 4%) +27,1) — (TLJlrl(mlﬂan))2

= ﬁ [(n+1) (n(B+ A% +22,)) — (nA+ zn11)?]
= ﬁ (nA* 4+ n(n+1)B +na?, | — 2nAx,1)

= ﬁ (4% + (n+1)B + 22, — 24w,11)

= ﬁ [(A —api1)’ + (n+ l)B}
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Hence,
(n+annB:nilﬁAszg2+@44ﬂﬂan
n 2
=i (A—zp41)"+nB —nB
n
T+l (A
0,

since a square is always non-negative, and hence

(n+1)D > nB.
On the other hand, notice that
D-B=—"_1( 2 Bl-B
- —m( —@p1)” +(n+1)B| -
n 2 n
= A n ——B-—B
oz AT o
_ n ( . )2 1
(TL-|—].) n+1 n+1 )
and hence
n 2 1
D < B <~ A n B <0
< oz A o) = oo B <
n 2 1
= —— (A—2, —B
(n+1)2( T+1)” < oo
1
< (A—$n+1)2<n: B
1 / 1
= — n:; B<A—$n+1< n+
1 1
= —A- nt B<—.Z‘n+1< —A+ nt
1 1
— A- \/n+ B<zpi1 <A+ n

exactly as desired.
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2010.3 Question 2
1. We have by definition

a + e—a
h =
cosha 5
Notice that
1 B 1
22+ 2rcosha+1 22+ (e® +e )z + (€2 - e~9)
1

@t e)are)

R 1 1
S \zter xwter) er—ea’

and hence
/ dz In|z + e~ *| — In|z + €%| 1 1 x+e
= = n .
x% 4+ 2z cosha + 1 et — e~ e*—e ¢ | x+et
Therefore,
/1 dx 1 14+e@ e ¢
= n —
o 2+ 2xcosha+1 e*—e @ 1+ e et
1 1 -
= In te + 2a
et —e @ et (1+e2)
1
= ——[-a+ 2d]
e(L — e—a
B a
- ea J— 6701
_a
~ 2sinha’
2. For the first integral, we have by definition
a_ e—a
nha —
sinh a 5
Notice that
1 B 1
24+ 2rsinha —1 22 4+ (e® —e~%)z — (€@ - e79)
1

(x4 e*)(x—e2)

R 1 1
S \r—e T z+er) etfea’

/ dx _ In|z —e™ —In|z +e?| 1
22+ 2xsinha—1 es +e~a T et 4@

and hence

r—e @
x4+ e®
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Therefore,

r

For the second integral, notice that

dx 1 | r— o0 0o
_ N
22 + 2xsinha —1  e% +¢e@ re ||,
1 —a
= - |Inl—1In ¢
2cosha )
= ! -In 1+
~ 2cosha 1 —e—a
1 1+e @
= . 1
2cosha (a+ n1_6a>
1 es +e 2
f— . 1 _ a
2cosha <a+ ne2—e—2>
1 a
- : Incoth = ) .
2cosha (CH_ nco 2

and hence

r

1 B 1 1 .
2 ¥ 222cosha+1l e —ea\z2fea z2+4ea)’
- - x
x* +2z2cosha+1  2sinha J e i
1 N . § o
~ 2sinha [65 arctan (‘ﬁx) — e~ 2 arctan (e_ix)]o
1 o . )
- To—e 2 ) —(e20— 50}
2sinha [(e 5 ¢ 2) (e e 20)
1 a _a ™
= . 2 — 2). —
2sinha (e e ?) 9
msinh §
2sinha
_ msinhg
N 4sinh 5 cosh §
. T
N 4cosh g’
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2010.3 Question 3

An n-th root of unity takes the form exp(% 271 for k =0,...,n— 1, and specially, it is a primitive nth
root of unity, if and only if the fraction % is irreducible (being reducible is equivalent to it being another
mth root of unity where 0 < m < n), and this is equivalent to ged(k,n) = 1.

The two primitive 4th roots of unity are when k£ = 1 or 3, which gives ¢ and —i as the two primitive
roots.

Hence,

Cy(z) = (x —i)(z +14) = 2% + 1.
1. For n =1, k =0, and ged(0,1) = 1. So the only 1st root of unity is primitive, and hence
Ci(zx)=x—1.

For n = 2, k = 0 or 1, and only ged(1,2) = 1. So the only primitive 2nd root of unity is
exp (% - 2mi) = —1, and hence
Cy(zx) =z + 1.

For n =3, k=1 or 2 gives ged(k,n) = 1. Hence, the primitive 3rd roots of unity are all 3rd roots
of unity apart from x = 1. Hence,
3 —1

Cs(x) = p— =22+ 41

Forn=5,k=1,2,3,4 or 5 gives gcd(k,n) = 1. Hence, the primitive 5th roots of unity are all 5th
roots of unity apart from x = 1. Hence,

5

-1

05(36)237 T R A AR L
z —

For n =6, k =1 or 5 gives ged(k,n) = 1. Hence,

Co(x) = <x —exp (é . m)) (:g —exp (2 . m))
oot (e (1)

1
=x2—2~cos<3-7r>x—|—1

=z —z+1.
2. Notice that

2t + 1= (2% +0)(2® —4)

[t ) - )]
_ {Iexr, @ . gmﬂ [x —exp (; .2m')] [xexp (; . mﬂ [x — exp <§ .2m‘)] ,

and the roots to Cp,(z) are

1 . 3 . 5 . 7 .
exp §~2m , exXp §~2m , €Xp §-27m , €Xp §-27m .

Since the number on the denominator is 8 (and all fractions are reduced), we can conclude that if
n exists, then n = 8.

On the other hand, for n = 8, only k = 1,3,5 and 7 give ged(k,n) = 1. This means that n = 8
satisfies that the primitive 8-th roots of unity being

1 . 3 . 5 . 7 .
exp §-2m , €Xp §~2m , €Xp §-2m , €Xp g'Qm :

Hence, n = 8 satisfies Cy,(z) = 2% + 1, and hence n = 8.
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3. Since p is prime, for k =1,2,3,...,p — 1, we must have ged(k,p) = 1 (and for k = 0, ged(k, p) =
p # 1). This means that all the pth roots of unity apart from 2 = 1 will be primitive pth roots of

unity, and hence
P —1

rz—1

exp <Q . 27Ti>
q

exp (R . 27ri>
r

where 0 < R < r,ged(R,r) = 1, and a root of Cs must take the form of

S
exp ( . 27ri>
s
where 0 < S < s,gcd(S,s) = 1.

Since a root to Cs must be a root to the right-hand side of the equation, and hence must be a root
to the left-hand side of the equation, we have

exp (Q . 27ri> = exp (S . 2m’> .
q S

Since 0 < %75 < 1, we must have

=l4+z+a>+- 4"

Cp(z) =

4. A root of C; must take the form of

where 0 < Q < ¢,gcd(Q, q) = 1.
A root of C, must take the form of

“ |t

)

and since they are both reduced fractions, we must have ¢ = s.
Similarly, we also have g = r.

This means

and hence

Cy(@)(Cyla) — 1) = 0.

Since C is a polynomial, this means either Cy(z) = 0 or Cy(x) = 1, both of which are not possible
given q is a positive integer. For the first case, this is impossible since this polynomial has infinitely
many roots, but there are only finitely many qth roots of unity, and hence only finitely many
primitive gth roots of unity.

For the second case, this means that there is no primitive gqth roots of unity. But for k = 1,
ged(k, ¢) = 1, and hence there must be a primitive gth root of unity

1
exp ( . 27Ti) ,
q

Hence, there are no positive integers ¢, and s such that

and this must be impossible.

Cy(z) = Cr(z) - Cs(z).
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2010.3 Question 4

1. Since « is a common root of both equations, we have

o’ +aa+b=0,0>+ca+d=0.

Since 0 = 0, we have

a?+an+b=ao’+ca+d
aax+b=ca+d
(a—c)a=—(b—d)
b—d

o = ,
a—cC

given that a # c.
We first prove the only-if direction of the statement. Putting this back to the first original equation,

we have )
b—d b—d
a—c a—c

2

and hence multiplying both sides by (a — ¢)*, we get
(b—d)? —a(b—d)(a—c)+bla—c)*=0,
as desired.

The if direction of the statement is as follows. Given this equation, dividing both sides by (a — c)?

gives
2
(—b_d> +a<—b_d) +b=0,
a—c a—c
b—d

and putting z = — =% into the second equation gives

2
x2+cx+d=<—b_d) —|—c<—b_d>—|—d
a—c a—c

- ﬁ [(b—d)* (b —d)(a —c) +d(a — c)’]

= (ajc)z [(b—d)? —a(b—d)(a—c)+alb—d)(a—c)—clb—d)(a—c)+da——c)?
= (a_lc)g [(b—d)* —a(b—d)(a—c)+ (b—d)(a—c)* +d(a—c)’]

= (a_lc)g [(b—d)* —a(b—d)(a—c) +bla—¢)°]

=0.

This still holds if @ # ¢. For the only-if direction, we still have (a — ¢)a = —(b — d), and hence
(a — c)?a? = (b — d)?. Putting « into the first equation, and multiplying both sides by (a — ¢)?
gives us

(a—c)*a® +a(a—c)a(a—c) +bla—c)? =0,

and hence
(b—d)? —a(b—d)(a—c)+bla—c)*=0.

For the if-direction, if a = ¢, then (b — d)> = 0 and hence b = d. This means the two quadratic
equations are identical, which naturally leads to at least one common root.

2. We first show that the original two equations have at least one common root if and only if 2% +
ar +b=0and 2% + (¢ — b)x + r = 0 share a root.

The only-if direction is as follows. Multiplying both sides of the first equation by =, we get

23+ azx® + bxr = 0,
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and hence subtracting this from the second equation gives us
22+ (¢ — bz +7r=0,

which means the common root of the original two equations must be a root to the new equation
as well.

For the if direction, multiplying both sides of z? + az + b = 0 by x and adding this to the new
equation gives us that
23+ (a+ 1)z +qv+r=0.

This means the common root of 2% + az +b = 0 and 22 + (¢ — b)z +r = 0 must be a root to the
cubic equation as well.

Now, the equations 2% + ax + b = 0 and 22 + (¢ — b)x + r = 0 share a root, if and only if
(b—r)?—a(b—7r)(a— (g b)) +bla—(¢-b)*=0,
which is equivalent to

(b—7r)>—alb—7r)(a+b—q)+bla+b—q)?=0.

The two equations are equivalent to

5 7 5 1
2 - = 3 - - — = U.
T +2x+b 0,z +2LE+2$+2 0

, and the two equations have at least common root if and only if
2 2
1 5 1 5 5 5 5
—_ = —_ — — — — —_ = — —_ — = O'
(-3) 2 0-2) Gromd) eGees)

(20 —1)% — 5(2b — 1)b+ 4b® = 0,

This simplifies to
which is equivalent to
46* — 6b*> +b+1=0.

Notice that
463 — 66 +b+1 = (b—1)(4b* — 20— 1),

and hence

24+vV224+4-4 1+£456

by =1,ba3 = 51 1
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2010.3 Question 5

T

The line C'P has equation
an

lCP:y:l—nx_l—n’

and the line DA has equation I[p4 : © = 0. Hence, R has coordinates

The line CQ has equation
lcg:y=(1—-m)z+am,

and the line BA has equation Ig4 : ¥y = 0. Hence, S has coordinates

am
S o).

The line PQ has equation

Eason Shao
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and the line RS has equation
n(l —m) an

lps 1y =— -x— .
sy m(1l —mn) T1on

Therefore, T must have z-coordinates satisfying

n(l —m) an
——T+am=— - ,
n m(1l—n) 1-n
and hence
n(l—m) m
——]Jr=—a|lm+ ,
m(l—mn) n —-n
and hence

which gives

(n+m—mn)(n —m) m+n—mn
mn(l —n) 1-n
This means
amn
r = ,
m—n
and hence
m  amn —am? +am(m —n)  —amn
Yy=—-——"- +am = = .
n o m-n m—n m—n

This shows that line AT is the line y = —x, while line AC' is the line y = =x.
Therefore, means that AT is perpendicular to AC.

Ty

Ty D N C

N, T3

15

Label the square ABC'D (in a counter-clockwise sequence), and find two arbitrary points P and @
on AB and AD respectively, with different distances away from A. Construct the line CP and CQ, and
let their intersections with AD and AB be R and S respectively. Construct the line RS and PQ, and
let them meet at T7;. We have T1 A is perpendicular to AC.
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Repeating this process (rotating the labelling of A, B,C' and D counter-clockwise), we will get T» B,
T53C and T,D, as shown in the diagrams. The square formed by these four lines is A’B’C'D’ (found
by intersecting the lines). The new square has side length v/a equal to the length of the diameter, and
hence have area 2a2.
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2010.3 Question 6

1. The coordinates of P; are
Pl (COS ©s sin 2 0)7

and the coordinates of ) are
Q1(—sinp,cosy,0).

Since the rotation is about z-axis, the position of R remains unchanged

R1(0,0,1).

2. This rotation axis is precisely OQ)1, since it is contained in the z-y plane, and is perpendicular to
OP;. Hence, the position of ) remains unchanged, and hence

QQ(_ Sin()p7 COS @, 0)

If we drop a perpendicular from P, to the line OP;, and call the intersection be P’. We can see
from trigonometry that
PP’ =sin ),

and
OP' = cos \.

Hence, the z-coordinate of P, is cos Acosp, and the y-coordinate of P» is cos Asinp. The z-
coordinate of P, is sin A, and hence

P5(cos ¢ cos A, sin g cos A, sin \).
The relative positions of P, and R remains unchanged under rotation, and hence

TR, =Tp, XTQ,

COS (¢ COS A —siny
sinpcosA | x | cose
sin A 0
i j k
= |cospcosA singpcosA sin A
—sinp CoS 0

sin @ cos A - 0 — sin A cos ¢
= —(cospcosA-0+sinA-singp)
COS ¢ COS A - cos  + sin ¢ cos A - sin

—sin Acos
= —sin Asin @
cos? pcos A + sin? @ cos A

—sinAcosg
= | —sinAsing |,
cos A

and hence
Ro(—sin A cos ¢, —sin Asin @, cos ).

3. The angle of rotation is the angle between OFy and OP,, and hence

0 OFy-0OP,
cosl) = ———=7
or Jor]
1 COS (v COS A
=|(0]-|sinpcosA
0 sin A
= COS (Y COS A,
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as desired.

The axis of this
product

rotation must be perpendicular to both OP; and OP,, and hence their cross

1 COS Y COS A
—
OFPy x OP, = | 0| x | singpcosA
0 sin A
i j k
= 1 0 0
cospcosA sinwcosA sin A
0
= —sin A
sin ¢ cos A

is a vector in the direction of the axis.

Eason Shao
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2010.3 Question 7

Since y = cos(m arcsin ), we have

dy _ msin(marcsinz)
de VIi—a?
and
d2y m? cos(m arcsin z) - 11_:62 V1 — 22 —msin(marcsinz) - (—x) - 711—.12
daz? 1 — 22
m ( : ) + . ( . ) 1
= ——— ( mcos(marcsinx) + xsin(marcsin z) - ————
L -2 Vi—a?

Hence, the left-hand side of the differential equation reduces to

(- 2Tty
— . . . 1
=—-m- (m cos(marcsin x) + x sin(m arcsin ) - m)
L me sin(m arcsin ) + m? cos(m arcsin z)
V1—2?
= —m? cos(m arcsin ) + m? cos(m arcsin z)
_ masin(marcsin z)

V1—22

ma sin(m arcsin x)

Vv1—2z2

0,

as desired.

Differentiating both sides of this equation with respect to =, we get

d?y P’y dy &y Ldy
—22)—= + (1 —2?)—2 — % —z—= — =0
( x)de +t(-w )d 5 dr Cda? m’ dz ’
which reduces to & ) q
Y Y 2 Y
1—2%)—2 —3z—= -1)-2=0
(=) g — 30 T e
Differentiating both sides with respect to x again, we get
d3y ndly L d%y d3y s 4%y
—22)—2 4 (1 — 2?) == — 3—2 — 30— —1)—2 =0,
(=22) da3 -z )dx4 dx? Tz +(m )dx2
which reduces to

a s a2
(1— z“‘)d—xZ - 5xd—;3’ T m2-9)SY —o.

da?
The conjecture is for all n > 0

dn+2

y dn-i-ly dny
(1—x2)m (2n+1)d poo] +(m2_n2)7

dzm

The base case where n = 0 is already shown. We show the inductive step. Assume this statement is
true for some n =k, i.e.

dk+2y dk+1y ¥y
Differentiating both sides with respect to z gives
dlc+2 ) k+3y dk-i—ly dk+2y ) ) dk-‘rl
(— 2x)dmk+2 (1-=z )dxk+3 (2k + 1)dxk+1 (2k + l)xm + (m* —k )dx’H‘l =0,
which reduces to
dk+3y dk+2y dk+1y

2 2 2 _

Eason Shao
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This is precisely the statement for when n = k + 1.
Hence, by the principle of mathematical induction, the conjecture holds for all integers n > 0.
Now, we evaluate this at z = 0, and we have
dn+2y
dant?| _,
for all n > 0, which rearranged gives

dn+2y
n—+2
dzx 2=0

=0

dTLy

- (n2 B m2) dan

=0 .
Notice that
Y|, = cos(marcsin0) = 1,

and
dy
dx

__msin(marcsin0) 0
=0 \% 1- 02

Hence,
d?y
U (0 —m?) g,y = —m?
da?|, _, x

and & 4
Y 2 2y 4Y

- J = (12 = =7

da3|,_, ( m) dz

x=0
and
dly

Gl -

2
0 dx

In general, we have

and
n—1 n—1

= [J@x* = m?) = (=" T (m* — 4k?)

z=0 k=0 k=0

dZny
dx2n

for all integers n > 0.
Hence, the Maclaurin series for y satisfy that

n

o |,
— zr =0

y=> !

n=0

o (_1)n Z;é(mZ _ 4k2)x2n

(2n)!

n=0
m2z2 mg(m2 _ 22>$4
ST 4! B

In the case where m is even, notice that when m = 2k, m? — 4k% = 0, and so for all n > T+,

=1-

n—1
H (m? — 4k?)2®" = 0,
k=0

and hence this infinite sum becomes finite:

X (— 1) TRz (m? — k)2
=2 ) (02n)!

n=0

B El (=1)" Z;é(mQ _ k,Z)xQn
N 7;) (2n)! '
Now, let & = sin 0, we have 6 = arcsin x since |0] < %777 and y = cosmf. Hence,
m?sin®6  m?(m? — 22)sin* 0
o Al S
where the sum is finite (and hence a polynomial), and the degree of this polynomial is m;

cosmf =1—
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2010.3 Question 8

Since P(z) = Q(z)R'(x) — Q'(x)R(z), we notice that
P(x) _ d R(z)
Qx)?  drQ(x)

P(x) | R
/ Qw? = 0w ¢

Hence,

where C' is a real constant.

1. Since R(x) = a + bz + cz?, we have R'(z) = b+ 2cx. We let P(z) = 5z — 4z — 3 and Q(z) =
1+ 2z + 322, and hence Q'(z) = 6z + 2.

Hence,
522 —da — 3 = (14 2z + 32%) (b + 2cx) — (62 + 2)(a + bx + cx?).

Notice that
RHS = [6ca® 4 (3b + 4c)x? + (2b + 2¢)x + b] — [6cx® + (6b 4 2¢)2? + (6a + 2b)x + 2d]
= (=3b + 2¢)x? + (—6a + 2¢) + (—2a + b).

Hence, we have

—3b+2c =25,
—6a+2c=—-4 < 3a—c=2,
—2a+b=-3.

Notice that
1-(=3b+2c)+2-Ba—c)+3-(—2a+b) =0,

and

1-542-2-3-3=0,
which means that these three equations are linearly dependent. Hence, let a = 0, and hence b = —3,
c=—2, R(x) = —3z — 222, which gives

+ (.

/ 52 —4x — 3 —3z — 222
xr =
(14 2z + 322)2 1+ 2z + 322

Letting a = 1, and hence b = —1, c =1, R(z) = 1 — x + 22, which gives

/ 522 —4x — 3 q 1—az+ 22 LC
T = .
(1+ 2z + 322)2 1+2z+322 2
Notice that
1—x+ 22 —3z — 222 _1+2a:+3:102

)

1+2z+322 1+20+32%2 14224322
and the integrals just differ by a constant. Different choices of (a, b, ¢) lead to results which only
differ by a constant.

2. The differential equation we are attempting to solve is equivalent to

@ sinx — 2cosx _ 5—3cosz +4sinz

dx 1—|—cosx—|—2sinxy_ 14+ cosz +2sinz

The integrating factor is

I(z) sinx — 2cosx
T) = ex
P 1+ cosx + 2sinx

/ d(1 + cosz + 2sinx)
=ex —
P 1+ cosx+2sinx

= exp(—In|1 + cosx + 2sin z|)
- 1
~ 1+cosx+2sing’
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and hence
d Y 5—3cosx +4sinx

dz1+cosz +2sinz (14 cosz + 2sinx)?’

Let Q(z) =14 cosx + 2sinx, and let P(z) =5 — 3cosz +4sinz. We have Q'(z) = 2cosz —sinz

Set R(z) = a+ bsinz + ccosz for some real constant a,b and c. We have R'(x) = bcosx — csinz.
Hence,

5—3cosz+4sinx = (14 cosx + 2sinz)(bcosx — csinz) — (2cosx — sinz)(a + bsinz + ccos x).

We expand the brackets on the right-hand side, and we have

RHS = bcosz — csinz + beos® & — ccoszsinz + 2bsinz cos z — 2csin? ¢
—2acosx — 2bsinx cos & — 2ccos? & + asinz + bsin? z + csinz cos x
= (a—c)sinz + (b—2a) cosz + (b — 2¢) (sin® z + cos® z)
=(b—2¢)+ (a—c¢)sinz + (b — 2a) cosz,

and hence by comparing coefficients, we have

b—2c=05,
a—c=4,
—2a+b=-3.

Notice that
1-(b—2¢)+(-2)-(a—c¢)+ (-1)-(—2a+b) =0,

and
154 (-2)- 44 (-1) (-3) =0,
so the system of linear equations is linearly dependent. Hence, set a = 0, and we have b= —3,¢ =
—4, and we have R(z) = —3sinx — 4 cos z.
Hence,
/ 5—3cosz+4sinx / P(z) d
= x
(14 cosz + 2sinx)? Q(x)?
R(x)
= +C
Q)
_ 3sinx +4cosx
1+ cosx +2sinx ’
and hence )
Y - dsinx +4cosx
14+cosxz+2sine 1+ cosx+2sinx ’

which means the general solution to the differential equation is

y=—(3sinz +4cosz) + C(1+ cosz + 2sinx).
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2010.3 Question 12

Since -
S = Z(l + nd)r",
n=0
we have
1-r)S=S5-rS
= Z(l + nd)r" — Z(l + nd)r™t
n=0 n=0
= Z(l + nd)r" — Z(l + (n — Dd)r"™
n=0 n=1
o0
=1+ Z dr™
n=1
dr
=1
+ 1—7’
and hence
S — 1 + L
T 17 (1—r)2’
as desired.

Let X be the number shots taken for Arthur to hit the target for the first time, and we have
X ~ Geo(a), we would like to show E(X) = 1.
The probability mass function for X satisfies

PX=2)=(1-a)"""a,

and hence
E(X) =) «P(X =)
=1
=a- Zx(l —a)"!
=a-) (1+z)(1-a)
x=0
.. 1 1-(1-a)
- L—a—w*u—u—@w
e
o a a?
_ 1
=a —
_1
as desired.

Since there is a probability a of Arthur winning on a particular shot, and if Arthur did not hit (with
probability (1 —a)), then there is a probability b of Boadicea winning on the shot, and (1 —b) probability
that the first two shots both miss, and the game continues as if nothing happened in the first two shots.
Therefore,

(@, ) = a(1,0) + (1 = a)b(0,1) + (1 — a)(1 = b)(«, B),

and hence a
a=a+(1—a)(l —ba=a+dVa, _ R -
B=(1-ab+(1-a)(l-b)B=ad +dVB, __ab

1—a'b’
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Let the expected number of shots in the contest be e. By the linearity of the expectation, we have
e=a-1+ab-2+adb - (e+2),

where the (e + 2) comes from when Arthur and Boadicea both miss their initial shots (for the 2), and
the game continues (for the e), and hence

a+2a'b+2ad'V)  a+2d 2-a

- 1-at T 1—aV  1-aV’
On the other hand, we have
a n é _ 1 n l—a  2-a
a b 1—-a¥V 1-aV 1-aV’
and therefore
« n I5;
e=—+ —,
a b
as desired.
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2010.3 Question 13
Since Z; and Z, are independent, we have
COV(Zl, Z2) = 07

and hence
COV(Zl y ZQ) o 0

Var(Zi) Var(Za) V11

Corr(Z1,Z3) = 0.

For Y5, we have

E(Yz) =E (p1221 +4/1— P%QZ2>

= p12 B(Z1) + /1 — p7, E(Z2)
=p12-0+4/1—p3,-0

:0’

Var(Y2) = Var(p12Z1 + mz2)

= piy Var(Z1) + (1 — pi,) Var(Z,)
=ply- 14+ (1 —ply)-1
pr— 1’

and hence

COV(Yl, Yé)
Var(Y7) Var(Y>2)
EMY2) — E(Y1) E(Y3)
V11

=E <p12Z12 + P12/ 1-— p%2Z1Z2) —-0-0
= p12 E(Z7) + pro\/ 1 — p}, E(Z1 25)

= p12 (Var(Z1) + E(Z1)%) + pray/1 — p12 E(Z1) E(Z2)

:/’12(1+02)+P12\/1_P%2‘0'0

= pP12-

Corr(Y7,Ys) =

For Y3, we have
Val‘(Y3) = Var(aZ1 + b7y + CZ3)
= a?Var(Z,) + b Var(Z,) + ¢ Var(Zs)
=a*+b*+c2
= 1’

and hence a2 + b% + 2 = 1.
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For the correlation, we have

Cov(Y1Y3)
Var (Y1) Var(Ys)
_ EMYs) — E(W1) E(Y3)
V11
E(aZ? +bZ1Z3 + cZ1Z3) —0-0
1
=aE(Z}) + bE(Z125) + cE(Z,Z5)
=a(Var(Z,) + E(Z1)?) + bE(Z) E(Z2) + cE(Z1) E(Z3)
=a(1+0*)+b-0-0+¢-0-0

=a

Corr(Y1,Y3) =

= P13,

and
COV(YQYg)
Var(Yz) Var(Y3)
E(Y2Ys) — E(Y2) B(Y3)
Vv1-1
E ((aZI +bZy + cZ3) - (,01221 + W)) —-0-0

1
=E <CLP12212 +by/1 - 0%2222>
= apiz(Var(Z1) + E(21)*) + b\/1 = piy(Var(Zs) + E(Z2)?)

= api2 +by/1 - pi,

= P23,

Corr(Ys,Y3) =

since all the cross-term expectation is 0, i.e. for i # j, E(Z,;Z;) = E(Z;) E(Z;) = 0. Hence,

b= P23 — P12P13
V31— P%z

and therefore,

(P23—/)12P13)2
c:\/l—aQ—bQZ\/l—p%?)—.

1- P%2
We could have X; = p; + 0;Y; for i = 1,2, 3, since

E(X7> :,LL7;+O'Z‘E(Y1') =pu; +0;-0=p;,

and
Var(X;) = o? Var(V;) = 07 - 1 = 07.

K2
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As for correlation, we notice that for any random variables U, V', we have

Corr(aU + b, cU + d) = Cov(aU + b,cV +d)
) \/Var(aU + b) Var(cV + d)

_ E((aU +b)(cV +d)) — E(aU + b) E(cV +d)
Va2 Var(U)c? Var(V)
acE(UV) +bcE(V) +adE(U) +bd — (¢ E(U) + b)(cE(V) + d)
acE(UV) +bcE(V)+adE(U)+bd — acE(U)E(V) —bcE(V) — adE(U) — bd

acy/Var(U) Var(V)

ac(E(UV) — E(U)E(V))

acy/Var(U) Var(V)

Cov(U,V)

v/ Var(U) Var(V)

= Corr(U, V),

which shows linear coding does not affect the correlation. This implies
Corr(X;, X;) = Corr(Y;,Y;) = pij

for i # j. Therefore, X; = u; + 0;Y; for i = 1,2, 3 satisfies the desired.
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