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2024.3 Question 6
1. (a) We have

de —y dr dy

de dt de
=(—z+3y+u)—(z+y+u)
=2z +2y
=—2(z —y).

This is a differential equation for  — y in terms of ¢, and hence it solves to
r—y=Ae .

If x = y = 0 for some ¢ > 0, then it must be the case that A =0, giving z —y =0, and z = y.
Therefore, for ¢ = 0, we must also necessarily have zg = yp.

(b) Given that z¢ = yo, we must have x = y for all ¢ > 0. Hence,

dx

Ez—x—i—?’x—&—u
d
d—§:2m+u
d
T at
2 +u
In]2x +u| =2t+C
2 4+ u = Ae?.

Since at t = 0, x = xg, we must have A = 2x¢ + u, and hence
22 +u = (2xo + u)e*,

and rearranging gives

2(xpe?t — x)

1—e2t

The particle is at origin at time ¢t =T > 0, and hence x =y = 0 for t = T, and hence

20T

Y= 1 et

This ensures the particle is at origin as well since this ensures the particle is at x = 0 for
t=T,and y =2 so y =0 as well.

2. (a) Counsider i—f + % — 2%’, and we have

dx+zf2y_@ %_2%
dt dt  dt dt
=My—5z+u)+ (r—2y+u)—2(x—2z+u)
=4dy—bz+ut+x—2y+u—2r+4z—2u
= —x — z + 2y,

and hence
r+z2—2y=Ae ",

Since the particle is at the origin at some time ¢ > 0, we must have A = 0, and hence
r+2z—-2y=0,
T+

2

At time t = 0, yo = %020 and so yg is the mean of =g and z.
y Yl 2

which means y = ££ for all time t.

Eason Shao Page 419 of 430



STEP Project Year 2024 Paper 3

(b)

Since 2y = x + z, we must have

d
d;::2(;c+z)—5z+u:2x—3z+u,
and

dz

a:x—(sc—i—z)—l—u:—z—i—u.

: : dzx dz
Hence, considering 7 — 37, we have

dx—z_dx dz

dt  dt  dt
=2z-324+u)— (—z+u)
=2(z — 2),

which gives
r—z= Ae*.

Since the particle is at the origin for some ¢ > 0, we must have A = 0. This means x = z for
all t, and further we have x = y = z for all ¢ since 2y = x + z.
At t = 0, this means z¢g = yo = 2 as desired.

Given that x¢o = yg = zp, all previous parts still apply, since the boundary condition of
2y =x + z and x = z holds for ¢t = 0. Hence, x = y = z for all ¢, and

v _ .5
dt— X u
d

Yot
r—Uu

Injz —u|=—-t+C

x—u= Ae "

At t =0, x = 2g, we must have A = zg — u, and hence

r—u=(xo—ue "

and rearranging gives

roe b —x

1—et

The particle is at origin at a time ¢ =T > 0, and hence x =y = z = 0 for t = T, and hence

acoe_T Xo

T 1_eT 14+ €T’

u

This ensures the particle is at origin as well since this ensures the particle is at x = 0 for
t=T,andx=y=2,s0y =2=0 as well.
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