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2024.3 Question 4

1. The angle between a line with gradient m and the positive xz-axis is arctan m. Hence, we must have

s
arctanmy — arctanmsog = & —

4
s
tan (arctan m; — arctan mg) = tan (i1>
T me +1,
1 + mimeo
as desired.
2. We have y = %, and hence % = 5. Hence, the tangent to the point (p, %) is given by

y—ﬁ=£(x—p)
4a 2a
day — p* = 2p(z — p)

day = 2pz — p?,

2

with gradient i—g = 5=, and the tangent to the point (q, g) is given by 4ay = 2qx + ¢2, with

gradient L.
Hence, when they intersect, it must be the case that
2px — p* = 2qz — ¢°
200 —qlr=p* — ¢*
20-q)zr=({@+a(p—0q
e
2
since p # q.
The y-coordinate is given by

2px — p?
Yy=—

4a
_ P’ +pg—p?
4a
_m
4a’
If the two curves meet at 7, the gradients must satisfy that
p q

2a 2a
22 % _— 4
14525

2a(p—q) _
4a® + pq
2a(p—q) =% (4a2 +pq)
4a*(p — q)* = (4a® + pg)?
4ap? — 8a’pq + 4a*¢® = 16a* + 8a’pq + p°¢®
p?¢% + 16a’pg + 16a* — 4a*p* — 4a%¢* = 0.

For the intersection of the two tangents, we consider (y + 3a)? — (8a® + z2).

(y 4 3a)? — (8a® 4 %) = y? + 6ay + 9a* — 8a® — 2°

=y% + 6ay — 2% + a®

2.2 2
_Pq +6a.pq_(p+Q) Ll

16a2 4a 2
_ ¢ 3pq (pte? | o
16a2 " 2 4 '
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We have the following being equivalent:

(y + 3a)? = 8a* + 2*
2 2

¢ 3pg (p+a)? |
- = O

16a2 2 ;  te
p2¢* + 3pq - 8a® — (p+ q)* - 4a® + a® - 166 = 0
p2¢* + 24pqga® — 4a®p® — 4a*¢® — 8pga® + 16a* =0

2¢% + 16a*pq + 16a* — 4a®p® — 4a*¢®> = 0,

which was true due to the tangents intersecting at 7.
Hence, we must have the intersection of two tangents lie on (y + 3a)? = 8a® + 22, which finishes

our proof.

3. Let 6 be this acute angle, and from the previous part, we can see that

4a®(p — q)® = tan® 0(4a® + pq)?
4a%p® — 8a%pq + 4a*¢® = tan® 016a* + tan? A8a>pq + tan? Op?¢>
20,2 2 2 2 2 4 _ 422 2 2
tan® Op~q” + 8(tan” 0 + 1)a“pq + tan” 016a” = 4a“p~ + 4da“q

Given (y + 7a)? = 48a? + 32 for the intersection of the two tangents, we have

(y + 7a)® — (48a* + 3z

) =
<%+7a> (48a 43 p+q )

2 2 2

e’ | Tpg 2 2 3(p+9)° _
— +49a” — 48a
622t 1

p2q® 4 8a* - Tpg + 16a* — 3(p+ ¢)? - 4a®> =0

p>q® + 56pga® + 16a* — 12p2a® — 12¢%a® — 24pga® = 0

p2¢% + 32pga® + 16a* — 12p?a® — 12¢%a® = 0

p2¢* + 32pqa® + 16a* — 3 (tan2 0p*q® + 8(tan” 6 + 1)a*pq + 16 tan? 9a4) =0

(1 —3tan? 0)p*¢® + 8(1 — 3tan? O)pga® + 16(1 — 3tan®H)a* =0

(1 — 3tan?6) []92(12 + 8pga® + 16a4] =0

(1 — 3tan?0)(pq + 4a*)* = 0.

Hence, either pg + 4a® = 0, or 1 — 3tan?6 = 0. The former cannot always the case. Therefore,
1 — 3tan? 6 = 0, which gives tanf = :I:ﬁ.

Since 6 is acute, we have tan§ = %, and hence 6 = % is the acute angle between the two tangents.
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