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2024.3 Question 12

1. For1 <r < \/i, the diagram looks as follows.

The angle between the (shallower) radius which just intersects the square and z axis is given by

arccos %, and so is the one steeper and the y-axis.

Hence, the cumulative distribution function is given by

P(R<7) = shadei(i area
= shaded area

r

2
mr 9

1
r2 —1+ — — rarccos —,
4 r

as desired.

For 0 < r <1, the diagram is as follows.

1 1 1
2 (T garccos = ) 422121
2 2 2
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Hence,
7r?
P(R < r) = shaded area = -
Hence, the cumulative distribution function is given by
0, r <0,
2
- 0<r<1
P(R<r)= 4 - ’
(B<r) \/7’271+’TTT27r2arccos%, 1<r<2,
1, 2<r.

2. Let f be the probability density function of R. Hence, by differentiating, for 0 < r < /2, it is

given by
£r) = - P(R < 1)
r)—=— T
dr -
r 0<r<1,
= ﬁ—&-%—%arccos%—ﬁ, 1<r<v2,
N 0<r<1,
- %—QTarccos%, 1<r<+V2
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Hence, the expectation is given by

E(R):/Olr-ﬂ;

_/ﬁW
0 2

V2

1

dr + / r- [W — 2r arccos } dr
1 2 r

V2 1
dr — 2/ r2 arccos = dr
1 T

|:7T’I“3:|\/§ 2 /‘/§ 1.,
=|— - = arccos — dr
6 0 3 1 T
221 2 1 Y2 2 /ﬂ ; 1
= — — |arccos — - + - r° d arccos —
6 3 T 1 3 1 T
V2
2 2 1 2 2 1 1
= \[SW—3-arccos\/§~2\/§—|—3-arccosl-l—i—s./1 re. <_r2> . _1_7(1)2 dr
Vor 2 0« V2 r
= — — == 2V2+ = d
3 34\[+317’r2_1r
V2r 2r 2 /\/5 r2 d
=—-—-——F+3 r
3 3 31 r2 —1
2 /\/5 7,2 4
= — ——dr,
31 Vr2-1
as desired.
3. To integrate this, we let » = cosht¢, and hence % = sinht. When r = 1, t = 0. When r = /2,
f—n <\/§+\/\/§2—1> n(v3+ 1),
Hence,
V2 2
2
E(R) = f/ L dr
31 r2—1
9 In(v2+1) h2
:f/ o8 t-smhtdt
3 0 S. t
9 In(v2+1)
= f/ cosh? ¢ dt
3 Jo
2 /111(\/§+1) €2t 4 =2t 4 9 ”
3 /o 4
1 _op7In(v/241) 1 V2
= e ey Lpgnesae
1 1
SETh [(\/§+ 12— (V2+1)72 -0+ e‘“] +3 <1n(\/§+ 1) — 0)
1 1
-3 [2+1+2\/§—(\/§—1)2} +3(V2+1)
1 1
= 5.4\/§+§1n(\/§+1)
1
=3 (\/§+ln(\/§+1)),
as desired.
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