STEP Project Year 2024 Paper 2

2024.2 Question 11

1. Notice that
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x

1
As z — oo, 22 — 0+, and hence 2= — 1.

‘We have
dy d ( Inz )
<= —exp|—
dx T T

1 dlnz
==z _
dx =x
. f.z—Inz-1
=gz . X
22
1 1—Inz
:x(l?. .
22

This shows that % < 0 when z > e, =0 when x = ¢, and > 0 when = < e.

This means that the point (e, e%) is a maximum for the graph.

Hence, the graph looks as follows.

The maximum of n» must occur for n € N when n =2 or n = 3, since 2 < e < 3.
Notice that
23 <35 — 23 < 32
— 8 <9,
which is true, so the maximum of nw occurs when n = 3.

2. Let X; be the number of tests for each group, and let X be the total number of tests, we have
X = Z X;.
i=1

For each X;, we have if the enzyme is not present in any of the persons, then there is only one test
needed. Otherwise, if the enzyme is present in any of the persons, then an additional k tests are

needed. Hence,
E(X)=(1-p)"+0-(1-p")(1+k) =1+ 1-p"Ek,
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and the expected total number of tests is given as

3. The expected number of tests is at most IV is the equation

N(;-l—l—(l—p)k)SN

1
%+1—(1—p)kg1

1
— <33
1—p~—
p S 1 - 37%7
and hence such largest value of p is )
p=1-3"53
Notice that
1—3dst 3o
4 4
3\ 3
= (= 371
() -
— 27 > L
64" 3
< 81 > 64,

which is true, and so this value of p is greater than i.

4. We would like to show that if pk < 1, then 1 — (1 — p)* ~ pk.
Notice that
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and hence ) )
E(X)N(kJrl(lp)k) zN(kerk).

If p=10.01, k£ = 10, we have
EX)~N|—+001-10)=N-—=-N
~ . = = ,

which is 20% of N.
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