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2023.3 Question 11
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We let N → ∞. Using the Maclaurin Expansion for ex, we have

∞∑
k=0

xk

k!
= ex,

and hence
∞∑
k=1

k + 1

k!
· xk = xex + ex − 1 = (x+ 1)ex − 1.

1. We have Y ∼ Po(n). Let Xk be the outcome of a k-sided die, i.e. Xk ∼ U(k). WE must have
1 ≤ Xk ≤ k. The random variable D can be defined as

D =

{
0, Y = 0,

Xk, Y = k.

(a)

P(D = 0) = P(Y = 0)

= e−n · n
0

0!
= e−n.

(b) For d ≥ 1, we have
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∞∑
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=
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∞∑
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This summation is for

d ·
(
1

k
· n

k

k!
· e−n

)
over the set

(d, k) ∈ {(n,m) | n ≥ 1,m ≥ n}
= {(n,m) | 1 ≤ n ≤ m}
= {(n,m) | m ≥ 1, n ≤ m}.

Therefore,

E(D) =

∞∑
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[
d

∞∑
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1
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=
∑
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∞∑
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∞∑
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.

(c)
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∞∑
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1

k
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k
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d

]

=

∞∑
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[
1

k
· n

k

k!
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2

]

=
e−n

2

∞∑
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nk(k + 1)
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=
e−n

2
[(n+ 1) · en − 1]

=
1

2

[
e−n · (n+ 1) · en − e−n

]
=

1

2

[
(n+ 1)− e−n

]
as desired.

2. Xk ∼ Po(k) for k = 1, 2, · · · , n. Let Yn be the outcome of an n-sided die, i.e. Yn ∼ U(n). Therefore,
Z = Xk if Yn = k.
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(a) We have

P(Z = 0) =

n∑
k=1

P(Xk = 0, Yn = k)

=

n∑
k=1

P(Xk = 0)P(Yn = k)

=

n∑
k=1

e−k · k
0

0!
· 1
n

=
1

n
·

n∑
k=1

e−k

=
1

n
·
1−

(
e−1
)n

1− e−1
· e−1

=
e−1

n
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.

(b) For z ≥ 1, we have

P(Z = z) =

n∑
k=1

P(Xk = z, Yn = k)

=

n∑
k=1

P(Xk = z) P(Yn = k)

=
1

n
·

n∑
k=1

e−k · k
z

z!

=
1

nz!

n∑
k=1

e−kkz.
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Hence,

E(Z) =

∞∑
z=0

z P(Z = z)

=

∞∑
z=1
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=

∞∑
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1
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n∑
k=1

e−k · kZ
]

=
1

n

∞∑
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∞∑
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=
1

n
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k=1

[
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]
=

1

n

n∑
k=1

k

=
1

n
· n(n+ 1)

2

=
n+ 1

2
.

Therefore, subtracting gives us

E(Z)− E(D) =
n+ 1

2
− 1

2
·
(
n+ 1− e−n

)
=

1

2
e−n

> 0.

Therefore, E(Z) > E(D) as desired.
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