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2023.2 Question 5

1. (a) By rearranging, we have
1
= 1 —_—
(En+1 + T T 17
and z, > 1 for n = 0.

If z,, > 1 for some n = k > 0, we must have ﬁ > 0, and hence

1
T+ 1

$k+1:1+ >17

and so zpy1 > 1.
Hence, by the principle of mathematical induction, x,, > 1 for all n € N.

(b) We have
1 2
2
—2=11 —2
2 1
=1+ + 5 — 2
T+l (z,+1)
142, 1) — (2, +1)°
(xn+1)2
1422, +2—af — 22,1
(-Tn+1)2
—xi+2
(ﬂr,‘,ﬁ—l)2
. 9:,2172
(mn+1)2'
Since
1
— >0,
(T +1)

it must be z7,; — 2 and 22 — 2 must take opposite signs.

(c) 23 —2=-1<0, and so 22 — 2 < 0 for all even n, and > 0 for all odd n.
Hence, 2%, — 2 < 0,and hence 2%, < 2.

We have
z2—2l=]1-2=1,
|5 1-2|
1 1
|I% *2| < Z|I8 *2’ e
a2 2| < 3.,
and hence ) 1
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We have
920 _ (220)2

= 10242

> (103)2

=109,
and so

|x%0 — 2| =212}, <1075,

and hence

2-107"% <23, <2,

which gives
2-107° <23, <2.

2. (a) We have

2 —2v/2y,
ynﬂ,\@:u

2Yn
2
a 2y
2
(yn - \@)
2y
Yn > 1 is true for the base case n = 0.
If it is true for n = k, we have
2
n— V2
V2 |

and SO Yp41 — V2> 0, and hence y,4+1 > V2 > 1 as desired.
In fact, we can conclude that y, > V2 for all n > 1.

(b) Since y,, > 1, we have 0 < i < 1, and hence we have

(%*\@2'

yn+1_\/§§ 2

We aim to show the desired result by induction on n. The base case when n =1 is

42 12+2 03

hn 2y0 2 57
and o1
RHS = 2- v2-1 ZQ.LM:%f\/i
2 4 2
and hence 3
LHS:yl—\/§=§—¢§gRHs
as desired.
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Now we assume the desired result is true for some n = k. For n = k + 1,

(ur — V2)°

Y1 — V2 < 5
-]
- 2
()
2

which is precisely the desired statement for n = k + 1.

So the desired is true for the base case where n = 1. Given it is true for some n = k, it is true
for n = k + 1. Hence, by the principle of mathematical induction,

2
Yn "\/ifg 2. (:Vﬂ%2:1>

n

for all n > 1.

(¢) First, we have y19 > v/2 by the stronger bound found for the first part.
Additionally,

210

ylo—\/§§2'<\/§2_1>

[ V)
=
=3

[7A
[\
DO ol
S~

[\
-
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o
[ V)

Il
2o

I Il
(%) [N
Y : :
— = T~
[N b&‘ —
N———
N

BT
For the bound, notice that

1 1

9211—1 7 920481
1
92047
1
922040

1
1
< (109)21
1
< (109)2
1
~ 10600°

<
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and so
Y10 < V24107609,

Hence, we can conclude
V2 <yip < V241075

as desired.

Eason Shao Page 363 of 430



