STEP Project Year 2023 Paper 2

2023.2 Question 4

1. We have
2
(2=
22 —2V2x+2=3
2—-1= 2\/596
2t — 222 + 1 = 822

zt —1022+1=0

as desired.

If f(z) = 2* — 102% + 1, we notice that 2 = /2 + /3 satisfies (z — \@)2 = (\/5)2 = 3, and hence
f (\/i + \/g) = 0 as desired.

2. We have
(28 = (45 =
2 -2(V2+V3)ao+243+2/6=5
2 +2V6=2(V2+ V3)a
x4+2-2\@.x2+(2\@)2:4(\/§+x/§)2x2
o'+ 4v/60? + 24 = 4 (54 2v6) 2?

% + 4V622% + 24 = 2022 + 8v622
z* — 2022 + 24 = 4V622

2
(x4 —202% + 24)2 = (4\/6372)
2% — 402° + 448z* — 96022 + 576 = 962+
% — 402% + 3522% — 96022 + 576 = 0.

Therefore, the polynomial
g(x) = 28 — 4025 + 3522 — 9602 + 576

satisfies ¢ (\@ +v3+ \/5) = 0 as desired.

3. If t = a, b, ¢ are solutions to the cubic equation t3 —3t+1=0int¢, then t = a+v2,b+v2,c+ 2
are solutions to the cubic equation in ¢

3
(v=+v2) =3 (t-v2)+1=0
3 —3V22 + 6t —2V2 -3t +3vV24+1=0
B33t +1=3V22 -2
046t +2683+9t2 +6t+1 =18t — 122 + 2
0 — 12t 23 + 2142 + 6t — 1 = 0.

Therefore, the polynomial
h(z) = 2% — 122 + 22° + 212° + 62 — 1

satisfies h (a + ﬁ) =h (b + \/5) =h (c + \/i) = 0 as desired.
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4. We have
(m — {3/5)3 =3

23 —3V22% +3V4r —2=3
23 — 5 = 3V22? — 3V/4z
m3—5:3€/§x($— \3/5)
23 —5=3V2z-V3
3 —5=3V6x

z? — 152% + 752° — 125 = 1622°

2? — 1525 — 872 — 125 = 0.

Therefore, the polynomial
k(z) = 2% — 152° — 872% — 125 =0

satisfies k (\ﬁ + f’/g) =0.
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