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2023.2 Question 12
1. We first consider the event Y < ¢.

Y <t <= max{X;,Xo,..., X, } <t
— X17X2,...,Xn§t

— X;<t, X<t X, <t
Hence,

PY <t)=P(X; <t,Xo<t,--, X, <)
=P(X; <t)P(X2 <t)-P(X, <t)
=[P(Xx<p)]”

as desired.

We first find the cumulative distribution function of X, F. For 0 < x < 7,
Flz) = / () dt
0
1 x
= f/ sintdt
2 Jo
1 x
=-3 [cos ],
1
=3 (1 —cosx).

Now, let G be the cumulative distribution function of Y. We have 0 <Y < 7. For 0 <y <,

Gly) =P(Y <)

= [P(X1 <y)]"
=[F(y]"
1 " 1
= {2(1cosy)} :ﬁ(lfcosy)”.
Hence, the probability density function of Y, g, is given by
9(y) = G'(y)
1 _
= — .n-sinz-(1—cosX)" "
2I’L
_ msinz (1 —cos X)"
= o
for 0 <t < m, and 0 otherwise.
2. m(n) is such that
1
Glm(n) = 5
1 1
o (1 — cosm(n))" 3
(1 —cosm(n))" =21
1 —cosm(n) = 2"
cosm(n)=1-— 21w
m(n) = arccos (1 —2! ?)

. . _1 . 1 .
As n increases, % decreases, 1 — % increases, 2!~ increases, 1 — 2!7% increases, and so m(n)
increases. m(n) — m as n — 0o.
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3. By definition, we have

u(n) = B(Y)

:/ ﬁJcsinaz:(l—cosal:)n_ldx

o 2"

1 T . n—1
= [ x-nsinz(l-cosz)" " dz

2" Jo

1 [" n
= x-(1—cosx)" dx

2" Jo

1 e L [T n
:ﬁ[x(lfcosx) }0727 (1 —cosz)"” dzx

0

1 n n 1 " n
=—[r-Q1+1D)"=0-(1-1) ]——/ (1 —cosz)" dz

2n 2 /o

1 1 (7
:27.7r-2”—2—n ; (1 —cosx)"dx

1 [" n
=T— (1 —cosz)"” da.
2" Jo

(a) By taking difference of two consecutive terms of u(n), we have

1 4 1 /"
{77— 2n+1/0 (1 —cosa)" ™ dx} - {77— 5/0 (1 —cosx)”dx]

1 (7 1 T
= (1 —cosx)" dz / (1—cosz)" ™ da
0

u(n+ 1) = p(n)

2" Jo - onl
1 ™
= St / {2 (1 —cosz)" — (1 — cos x)"H} dz
0
- L /Tf (1 —cosz)"[2— (1 —cosz)]dx
2n+1 0
1 g n
= W/o (1 —cosz)” (1+cosx)de.

For 0 < z < m, we have 0 < cosz < 1, and so the integrand is positive on the interval.
Hence, p(n+1) — p(n) > 0, and p(n + 1) > u(n), and hence p(n) increases with n.
(b) On one hand, we have

m(2) = arccos (1 - 21*%) = arccos (1 - \@) .

On the other hand,

1 T
,u(2):7r77/ (1 —cosz)® da
4 Jo
1 (" 9
:ﬂ'*i (172cosx+cos x)d:c
0
1 (" 2 1
:71'—*/ (1—2005x+cosx+>dx
4 Jo 2
1 (" 1
:wff/ §72(:osx+fcos2m dx
1), \2 2
1/3 o +1 19 "
=7—— -2z —2sin — sin
T 1 21‘ sin x 4s T .
1(3 . . 1 . .
=r—-|=(m—x)—2(sinm —sin0) 4+ — (sin 27 — sin 0)
412 4
B 1 3
=T ) 27r
5
= —T.
8
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We want to show that

1 )
(0 < T <> g™ < arccos (1 - \/5) (<),

and this is equivalent to showing that
5
cos o >1-2.

We first notice that cos %w = cos (%w + éw), and notice that cos (%w) is such that

1 1 1
2 cos? <7r> —1=cos (2 . 7r> - cosi =,
8 8 4 /2

and hence
1 2 2
QCoszzzlJr—: +\[,
8 V2 2
meaning
T 242 V24+2
cos — = = .
8 4 2
Therefore,
. o T 24 \/§ 2 — \/Q
sin® — =1-— =
8 4 4
and hence
TV 242
8§ 2
Hence,

5 1 1
COS =T = COS | =T + =7
8 2 8

1
= COS =T COS —7 — Sin —7wsin =7
2 8 2 8
1
:O— 1 —
sin 877
V2 -2
5 .

Finally, we have the following being equivalent:
5
cos gﬂ' >1-+2

(0>)—%ﬁ>1—f2

22

2 /2

241-2v2> 4‘[

12-8V2>2-12
V2 < 10

49 -2 =98 < 100

is true, and hence u(2) < m(2) as desired.
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