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2021.3 Question 6
1. By multiplying by cot a on top and bottom of the fraction, we have

T + cot a
= t —_—
fo(@) = are an(l—xcota)

= arctan v+ tan (% _ )
1 —xtan (1 —a)

2
T
= arctan tan (arctanx + 5~ a) .
Since arctanx € (—g, a) U (a, g), we have
T s m
arctan x + 3~ [ AS (—a, 7) @] (777r - a) .
Hence, we can simplify this to
T
fa(z) = arctan tan (arctanx + 3 a)

_ Jarctanr + § —a, =z <tana,
—o, x>tana.

INERN

arctanx —
Hence, by differentiating with respect to x, the constants differentiate to 0, and hence

d
fl(z) = = arctan x
1
1422
as desired.

The graph consists of 2 branches of arctan, as the simplified expressions suggests. We have the
following limiting behaviours of f,:

™
lim fo(z) = lim arctanz+ - — a = —a,
T——00 T——00 2
. ™
lim  fo(x) = =,
r—tana— 2
lm  fol2) = -3
im r)=——,
z—tan at * 2
™
lim f,(x) = lim arctanz — - — a = —aq,
T—00 T—00 2
which shows that f, has a horizontal asymptote with equation y = —a.

For the intersection with the y-axis,

fa(0) = arctan 0 + T _a=l_ a,
2 2
and for the intersection with the z-axis,
fa(z) =0 <= ztana+1=0 < z = —cota.

The graph looks as follows.

Eason Shao Page 334 of 430



STEP Project Year 2021 Paper 3

The domain of this new graph is 2 € R\ {tan a, tan 8}. By considering the functions in the different
corresponding ranges, we have

(arctan(x) +
fa(x) = fa(x) = < (arctan(z) —

(arctan(z) —

) — (arctan(z) +
) — (arctan(z) +
) — (arctan(z) —

fﬂ):ﬂ—a, r < tan
—B)=B-—a—m tana <z <tanf,

-B)=B-aq, tan 3 < x.

INERSIERNIE]
I

e o 0

INERNIERNE]

Hence, the graph looks as follows.

O | taha tanp

b—a—m —

2. By differentiation, we have

1
/ 2
r)= ———5—CO0ST — ———sec”x
g() 1—sin’zx 1+ tan?

CoOsT SGC2 x

T cos?z |secx]

secz — [sec z

secx —secx = 0, 0<z<imorir<az<or,

secx — (—secz) = 2secx, im<az<3m,
since sec x takes the same sign as cosx, which is negative when %ﬂ' <z < %Tl’, and positive when
0<z< %71’ or %w < x < 27 within the range.

For %71' <z< %ﬂ', we must have
g(x) = Intanz + secz| + C = In (—tanz — secx) + C,

and by verifying
g(m) = artanh(0) — arsinh(0) = 0,
we can see C' = 0.

Hence, for 0 <z < %w and %7‘(’ < x < 27 respectively, g(x) is constant, and notice that

9(0) = g(2m) =0,
and hence
(2) In(—tanz —secz), im<az<im,
) =
g 0, 0§x<%7r0r%7r§27r.
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