STEP Project Year 2021 Paper 3

2021.3 Question 4

1. Since 0 is the angle between a and b, we have

Let X\ be the angle between m and a. Hence,

COSA = am
|a||m]
a-1(a+b)
m|
a-(a+b)
|a+ b|
l1+a-b
|a + b|
1+ cosé
la+bl|

Similarly, let © be the angle between m and b, and we must have

1+ cosf

COS A = Cos 4 = m
a

Since 0 < A, pp < 7, and cos is one-to-one when restricted to [0, 7], we must have A = u, which

shows that m bisects the angle between a and b.

2. We must have cosa =a-c, and cos =Db - c.

By definition of the projection, we have

aj=a—(a-c)c

=a — cosac,
and hence
aj-c=a-c—cosac-c
= cos — COS
= O’
as desired.

Notice that

1" =a;-ay
= (a—cosac) - (a— cos ac)

—a-a—2cosaa-c+coslac-c

=1-—2cos?a+ cos’a

=1-cos’a

= sin? a.

Since |ai| > 0, and 0 < a < §, sina > 0, we must have

|ai| = |sina| = sin a.
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The angle ¢ is given by

cosp = 2L PL
|a[[by
_ (a—cosac) - (b — cos c)
N sin asin 8
a-b—cosab-c—cosfBa-c+ cosacos Scc

sin o sin 8
cos  — cos a.cos 8 — cos B cos a + cos 3 cos a

sin o sin 8
cos  — cos a.cos 3

sin o sin 8
3. By definition of a projection, we have

m; =m— (m-c)c

:%(a-i—b)— (;(a-i-b)'c)c

:%(aer)— (; (cosonrcosﬁ))c
:%(al‘i‘bl)-

Let v be the angle between m; and a;, we have
m; -a;
cosy = ———
my [[ay|
f(ar+by) -y
ila; 4+ by|sina
aj-a;+b;-a;
|a; + by|sin«

2

sin” a + cos @ sin asin 8

|a; 4+ by |sin«

sin? & + cos§ — cos a cos

\al + b1| sin «v
Similarly, let 7 be the angle between m; and by, we have

sin? B + cos @ — cos a cos f3
|31 + b1| sin 3

COST =

Since 0 < v,7 <7, v =7 if and only if
COSV = COST

sin® a + cos # — cos a cos B _ sin? 8 4 cos 6 — cos avcos f3
|a; + by|sina N |a; + by|sin g

sin 8 (sin2 o+ cosf — cosacos B) = sina (sin2 B + cos @ — cos a cos ﬂ)

(sinasin B + cos acos B) (sin o — sin ) = cos O(sin o — sin 3)

)

sin asin B(sin o — sin 8) + cos a cos B(sin o — sin 3) = cos (sin o — sin )

)
(cos(a — B) — cosB) (sina — sin B) = 0.

This is if and only if sin« = sin 8, or cosf = cos(a — ).

s

Since 0 < «, 8 < 7, and sin is one-to-one when restricted to (0, 5

and only if a = .

), the first condition is true if

Hence, m; bisects the angle between a; and by if and only if & = 8 or cos@ = cos(a — ), as
desired.
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