STEP Project Year 2021 Paper 3

2021.3 Question 3
1. Notice that
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as desired.

To show the final part, we would like to show that

1 1 )
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which is equivalent to showing
Lni1+ 11 — 21, > 0.
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For0 <z < Z secx>0,tanx > 0, and so secz + tanx > 0, (secx + tanx > 0.
2

1

cos T

Hence, the integrand is greater than 0 on (0, 5) C (0, g)

Also, secx = > % =1, and hence secz + tanx — 1 > 0, so ((secz + tanx) — 1)2 > 0.

This shows that the desired equation is greater than 0, and hence, we have the desired inequality
as desired.
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2. Notice that
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The first part of the integral integrates similarly:
B
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SI=31=—3

The second part of the integral has a positive integrand over (0, ), and hence the integral is
positive, which means

1 B
3 (Jng1 + Jn-1) > / (secx cos B + tanx)”_l (5602 T + sec x tan x cos ﬁ) dz
0

= % [(14 tanB)™ — cos™ f].

We would like to show that J,41 + J,—1 — 2J, > 0 similar as before to show the final result. Note
that

Jn+1 + Jnfl - 2Jn

B
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0

B
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0
>0,
and hence J,, < % (Jnt1 + Jn—1), which shows
1
JIn < - ((1+tan B)™ — cos" B),

as desired.

Eason Shao Page 327 of 430



