
STEP Project Year 2021 Paper 3

2021.3 Question 1

1. By using the chain rule, we have

dy

dx
=

dy/dt

dx/ dt

=
12 cos t− 12 sin2 t cos t

12 cos2 t sin t

=
cos t− sin2 t cos t

cos2 t sin t

=
1− sin2 t

cos t sin t

=
cos2 t

cos t sin t

=
cos t

sin t
= cot t.

Hence, at t = φ, the normal of this curve has gradient − tanφ, and hence it has equation

y −
(
12 sinφ− 4 sin3 φ

)
= − tanφ

(
x−

(
−4 cos3 φ

))
y − 12 sinφ+ 4 sin3 φ = − tanφx− 4 cos3 φ tanφ

cosφy − 12 sinφ cosφ+ 4 sin3 φ cosφ = − sinφx− 4 cos3 φ sinφ

sinφx+ cosφy = 12 sinφ cosφ− 4 sin3 φ cosφ− 4 cos3 φ sinφ

sinφx+ cosφy = 4 sinφ cosφ
(
3− sin2 φ− cos2 φ

)
sinφx+ cosφy = 8 sinφ cosφ.

The curve x
2
3 + y

2
3 = 4 can be parametrised as x = 8 cos3 t and y = 8 sin3 t:

x
2
3 + y

2
3 =

(
8 cos3 t

) 2
3 +

(
8 sin3 t

) 2
3

= 4 cos2 t+ 4 sin2 t

= 4.

Hence, the gradient of the tangent at a point is

dy

dx
=

dy/dt

dx/ dt

=
24 sin2 t cos t

−24 cos2 t sin t

= − tan t,

and the equation of the tangent at the point t = φ is

y − 8 sin3 φ = − tanφ
(
x− 8 cos3 φ

)
cosφy − 8 sin3 φ cosφ = − sinφx+ 8 cos3 φ sinφ

sinφx+ cosφy = 8 sinφ cosφ
(
sin2 φ+ cos2 φ

)
sinφx+ cosφy = 8 sinφ cosφ,

which shows the normal to the original curve is the tangent to this new curve at (8 cos3 φ, 8 sin3 φ).

2. By using the chain rule, we have

dy

dx
=

dy/dt

dx/ dt

=
cos t− cos t+ t sin t

− sin t+ sin t+ t cos t

=
t sin t

t cos t
= tan t.
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Hence, at t = φ, the normal of this curve has gradient − cotφ, and hence it has equation

y − (sinφ− φ cosφ) = − cotφ (x− (cosφ+ φ sinφ))

sinφy − sin2 φ+ φ sinφ cosφ = − cosφx+ cos2 φ+ φ sinφ cosφ

cosφx+ sinφy = sin2 φ+ cos2 φ

cosφx+ sinφy = 1.

The distance of this normal to the origin is

|cosφ · 0 + sinφ · 0− 1|√
cos2 φ+ sin2 φ

= 1,

which is a constant, and hence this curve is tangent to the unit circle x2 + y2 = 1.

Eason Shao Page 322 of 430


