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2021.3 Question 1

1. By using the chain rule, we have
dy  dy/dt

dr  dx/dt
12cost — 12sin® t cost
12 cos? tsint

cost —sin®tcost

cos?tsint
1—sin?t
costsint
cos?t
costsint
cost
sint
= cot t.

Hence, at ¢ = ¢, the normal of this curve has gradient — tan ¢, and hence it has equation
Yy — (12sincp — 4sin® cp) = —tanyp (:E — (74COS3 go))
y — 12sin @ + 4sin® p = — tan px — 4 cos® p tan ¢
cos @y — 12sin ¢ cos ¢ + 4sin® ¢ cos ¢ = — sin gz — 4 cos® sin ¢
sin @z 4 cos gy = 12sin ¢ cos ¢ — 4sin® p cos p — 4 cos® @ sin ¢
sin gz 4 cos py = 4sin ¢ cos ¢ (3 — sin” p — cos? cp)
sin ¢z 4 cos py = 8sin ¢ cos ¢.

2
3

The curve z3 + y5 = 4 can be parametrised as = 8cos®t and y = 8sin® ¢:

2 2
3 3

z3 + y% = (8 cos® t) + (8 sin® t)
=4cos’t + 4sin* ¢
=4.

Hence, the gradient of the tangent at a point is
dy dy/dt

dr ~ dz/dt
_ 24sin*tcost
" —24cos2tsint

= —tant,

and the equation of the tangent at the point t = ¢ is
y —8sin® p = —tangp (x — 8cos® cp)
cos py — 8sin® p cos ¢ = — sin gz + 8 cos® psing
sin ¢z + cos py = 8sin ¢ cos ¢ (sin® ¢ + cos® )
sin ¢z 4 cos py = 8sin ¢ cos ¢,
which shows the normal to the original curve is the tangent to this new curve at (8 cos® ¢, 8 sin® ©).

2. By using the chain rule, we have
dy dy/dt

dz ~ dz/dt
cost —cost + tsint
—sint +sint + tcost
tsint

tcost
= tant.
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Hence, at t = ¢, the normal of this curve has gradient — cot ¢, and hence it has equation

y— (sinp — pcosp) = —cotp (x — (cosp + @sinp))
sin gy — sin? ¢ + psin @ cos p = — cos px + cos® @ + @ sin  cos @
cos px + sin py = sin? p + cos? p
cos px + sinpy = 1.

The distance of this normal to the origin is
lcosg -0 +sinp-0—1] 1
Vcos? o +sin? o 7

which is a constant, and hence this curve is tangent to the unit circle 22 + y* =
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