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2020.3 Question 5

We notice that

RHS = (x− y)

n∑
r=1

xn−ryr−1

= x

n∑
r=1

xn−ryr−1 − y

n∑
r=1

xn−ryr−1

=

n∑
r=1

xn−r+1yr−1 −
n∑

r=1

xn−ryr

=

n−1∑
r=0

xn−ryr −
n∑

r=1

xn−ryr

= xny0 +

n−1∑
r=1

xn−ryr −
n−1∑
r=1

xn−ryr − x0yn

= xn − yn.

1. Notice that

f(x) = xn ·
(
F (x)− A

x− k

)
= xn ·

(
1

xn(x− k)
− A

x− k

)
=

1

x− k
− Axn

x− k

=
1−Axn

x− k
.

Since f is a polynomial, the numerator must be divisible by the denominator, and hence when
x = k, the numerator must be 0, which means

1−Akn = 0,

and hence

A =
1

kn
.

Hence,

f(x) =
1−Axn

x− k
=

1

x− k

(
1−

(x
k

)n)
,

as desired.

Using the identity, we have

f(x) =
1−Axn

x− k

=
1n −

(
x
k

)n
x− k

=
1

kn
· k

n − xn

x− k

=
1

kn
·
−(x− k)

∑n
r=1 k

n−rxr−1

x− k

= −
n∑

r=1

k−rxr−1,
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and hence

F (x) =
A

x− k
+

f(x)

xn

=
1

kn(x− k)
−
∑n

r=1 k
−rxr−1

xn

=
1

kn(x− k)
−

n∑
r=1

1

krxn−r+1

=
1

kn(x− k)
−

n∑
r=1

1

kn−r+1xr

=
1

kn(x− k)
− 1

k

n∑
r=1

1

kn−rxr
,

as desired.

2. Notice that on one hand,
d

dx
xnF (x) =

d

dx

1

x− k
= − 1

(x− k)2
,

and on the other hand, using the expression above, we have

d

dx
xnF (x) =

d

dx

[
xn

kn(x− k)
− 1

k

n∑
r=1

xn−r

kn−r

]

=
nxn−1kn(x− k)− xnkn

k2n(x− k)2
− 1

k

n∑
r=1

(n− r)xn−r−1

kn−r

=
nxn−1(x− k)− xn

kn(x− k)2
−

n∑
r=1

n− r

kn−r+1x−n+r+1

=
nxn−1

kn(x− k)
− xn

kn(x− k)2
−

n∑
r=1

n− r

kn−r+1x−n+r+1
.

Hence,

− 1

(x− k)2
=

nxn−1

kn(x− k)
− xn

kn(x− k)2
−

n∑
r=1

n− r

kn−r+1x−n+r+1

1

(x− k)2
=

xn

kn(x− k)2
− nxn−1

kn(x− k)
+

n∑
r=1

n− r

kn−r+1x−n+r+1

1

xn(x− k)2
=

1

kn(x− k)2
− n

knx(x− k)
+

n∑
r=1

n− r

kn−r+1xr+1
,

precisely as desired.

3. Let n = 3 and k = 1, and hence we have

1

x3(x− 1)2
=

1

(x− 1)2
− 3

x(x− 1)
+

3∑
r=1

3− r

xr+1

=
1

(x− 1)2
− 3

x− 1
+

3

x
+

2

x2
+

1

x3
.
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Hence, we have∫ N

2

dx

x3(x− 1)2
=

∫ N

2

[
1

(x− 1)2
− 3

x− 1
+

3

x
+

2

x2
+

1

x3

]
dx

=

[
− 1

x− 1
− 3 ln|x− 1|+ 3 ln|x| − 2

x
− 1

2x2

]N
2

=

(
3 ln

N

N − 1
− 1

N − 1
− 2

N
− 1

2N2

)
−
(
3 ln

2

1
− 1

1
− 2

2
− 1

2 · 4

)
=

17

8
− 3 ln 2 +

(
3 ln

N

N − 1
− 1

N − 1
− 2

N
− 1

2N2

)
.

We take the limit as N → ∞. Since N
N−1 = 1 + 1

N−1 , and as N → ∞, 1
N−1 → 0, this means that

ln N
N−1 → 0. All the fractions with N on the denominator also approaches 0. Hence, the limit of

this integral as N → ∞ is ∫ ∞

2

dx

x3(x− 1)2
=

17

8
− 3 ln 2.
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