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2020.3 Question 3

1. Let k represent the point K in the complex plane, we must have
k—a=(b—a)exp (—zg) ,

and hence -
k=a+ (b—a)exp (—zg) .

Notice that
i 7r+.. T \/5_1_.1
w=exp|— ] =cos—= +isin— = — +i—
PG 6 6 2 'Y

and hence

w

V31
22
Hence, g4 is given by
a+b+k
3
a+b+a+(b—a)exp(—i)
3
2a+b+ (b—a) [cos E —isin T ]
3
2a+b+(b—a)(%—i§)
3
(3+i)a+ (3-12)0

Gab =

as desired.

2. @9 is a parallelogram if and only if

9voc — Yab = Yed — YGda
(wb+ w'c) — —= (wa + w*b) = —= (we + w'd) — —= (wd + w*a)

V3 V3 V3
wbhb—a—c+d) =w(d—a—c+Db)
(w—w)[(b—a)=(c=d)]=0
(b—a)—(c—d)=0
b—a=c—d

B
V3

)

which is true if and only if @, is a parallelogram. All the steps above are reversible. In particular,
w — w* # 0 so we can divide by w — w* on both sides.

3. Notice that

1
wb+w*c) — —= (wa + w*b
( ) \/3( )

[w e —wa+ (w— w™)b]

Gvoc — Gab =

[w*e — wa + bi],

Sl=Sl-8l-
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and that

(we +wa) — — (wa + w*D)

wce w a)— —(wa w
V3

= — [we+ (W' —w)a —w*b|

= — [we — ai — w"}).

3
Notice that

v o) ()

w exp (%) 3
w_w_ee(s) _  (in

—i i exp (%) - 3)7

1 _;i_exp(f%r)_ im
—w* W' exp (—1F) P \TE )

and hence we can wee
T
Gbc — Gab = (gca - gab) exp 7? s
which means Gpc is the image of Gg4 under rotation through % clockwise about G'ap, and this
shows that T5 is an equilateral triangle.
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