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2020.3 Question 11

1. Since X ~ Ula, b], we must have for the probability density function of X, that

for « € [a,b], and 0 everywhere else. Hence, the cumulative distribution function of X is

0, z < a,
Fx(z)=¢ %2, a<z<b,
b, otherwise.

Since f is bijective and strictly decreasing on [a, b], we must have for y € [a, b], that

P(Y <y) =P(f(X) <)
(
(

=P(X > f(y)
=P(X > f(y))
=1-P(X < f(y))
=1-Fx(f(y))
fly) —a
=1- b—a
_(b—a)=(f(y) —a)
b—a
_b—f)
b—a ’

as desired.

Hence, by differentiation with respect to y, we have the probability density function of Y satisfies

_ ')
Hence, by the definition of expectation, we have
b
E(y*) = / fr(y)y® dy
a
1 b
= —bfa/ —f'(y)y* dy
Y L
=- d
— /a y~df(y)

b
Sl —[y2f(y)]z—2/a yf(y)dY]

_

= —b2f(b)+a2f(a)+2/a yf(y)dy

b b
= g(bs—a3)—b2a+a2b+2/ yf(y)dx]

b
(b2+ab+a2) —ab+/ M

o b—a

2. Since £ + £+ = 1, by rearranging, we have
Z X c? y b
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By given, we have

and hence

Let f(z) = -%£. Notice that

r—c’

ac

a—c
_a?b/(a+Db)
a—ab/(a+b)
B a’b

a2 +ab—ab
—b,

and

be
b—c
_ab®/(a+D)
~ b—ab/(a+b)
ab?

fo) =

Also, since

as x strictly increases, % strictly decreases, —% strictly increases, the denominator strictly increases,
and hence f(x) strictly decreases.

Note that
1 T 1
flx) "z
and hence
1 1 B 1
r  flz) ¢
which implies
flx) = ().

So Z = f(X) for this f satisfying all three conditions above. Hence,

:bia[cx—f—chnLr—c”Z

= ﬁ [(cb+ b —c|) — (ca+ ¢*Inja — c])]
ey 2 ! b—c

T e Ma=¢c

c? (b—c)
=c+ In ,
b—a a—c¢
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and using the result from the previous part,

b
B(Z2) = —ab+ [ 221@) g,
o b—a
9 b2
:—ab+—~/ T dz
b—a J, x—c

9 b 2
:—ab—l—ic-/ (m+c+ ¢ )dx
b—a J, x—c

2c  [a2? 9 ’
= —ab+ | — 4 cx+ ¢ In|z — ¢
b—a |2 u

2 r 2 2
= —ab+ Ca' (b—|—bc+c2ln|b—c|> - <6l2+ac—|—c21n|a—c|>}

2
b—c}

a—c

2 [ b
= —ab+ —— . (b—a)<c+a—;)+021n
a

3 _
= —ab+ 2c c+a+b + 2 In b—c
2 b—a a—c¢

2¢3 -
:202+(a—|—b)c—ab—|—b ¢ ln(b C)

2¢3 -
=22+ ¢ ln(b C).
b—a a—-c

Hence, the variance of Z satisfies that

Var(Z) = E(Z?) - E(Z)?
2 3 _ 2 _
:2c2+clnbc—c+c lnbc
b—a a—c b—a a—c
2c3 b—c 2c3 b—c ct b—c\>
=2¢2 1 -2 - 1 — 1
C+b—an<a—c> ¢ b—an<a—c) (b—a)2n<a—c>
4 2
9 c b—c
=c* - 1 .
¢ b-ap “(a—a)
Therefore, since the variance of a non-constant random variable is always positive,
4 2
9 c b—c
> |
“ T -ap “(a—e)

(b—a)? >c2ha<b_c>2

a—cC

h—
cln( C)‘
a—c
<bc>‘ ‘ba
In <
a—c c

Notice that since b > a, we must have b — ¢ > a — ¢, so the natural log on the left-hand side is
positive, and the fraction within the absolute value on the right-hand side is positive as well, and

hence
<b—c> b—a
In < .
a—c c

|b—al >
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