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2019.3 Question 8

1. W.L.O.G. let the origin be the centre of the rectangle ABCD (and let ABCD lie on the z-y
plane). We adjust the scale of the axis, and we let V' (0,0, 1) and A(—pu, —v,0), we have B(u, —v,0),
C(p,v,0) and D(—p,v,0). Let p,v > 0.

Let M be the midpoint of AB and N be the midpoint of BC. We must have M (0, —v,0) and

N(1,0,0).
—
The angle between the face AV B and the base ABCD must be the angle between W and MV.
Hence, N
MO - MV
COS QU = ———.
Note that
0
MB: v 7]\*47:v—m: v,
0 1
and hence
v? v

Cosx =

l/~\/1/2+1:\/1/2+17

which gives

cos® av? + cos’ a = 1/2,

and hence
sin? awv? = cos? Q,
which gives
v = cot a.
Similarly,
= cot f3.
A vector perpendicular to AV B can be
—p I
—
VA x ﬁ =|-v|x|-v
-1 -1
i j k
=|-u —-v -1
n o —v —1
0
2uv
0
= —2cot 8
2 cot a cot 3.
2cot 8 0
= —— —sina |,
sin
cos o
and so
0
—sina
cos o

is a unit vector perpendicular to AV B.
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Similarly,

and hence

is a unit vector perpendicular to BV C.

VE x

7 (‘L
-1

J
=|lup —v -1

I

x| v

-1
k

nwovo -1

2v
= 0

2uv

2cot a

= 0

2 cot accot 3
sin 3

0],

cos 3

B 2cot «

sin 3

sin 3
0
cos 3

The acute angle between AV B and BV C, 6, satisfies that

as desired.

2. Notice that

and hence

which means

and hence

as desired.

cosf =

COos «x

sin 3
—sina | - 0 = cos a cos 3,
cos 3
BV -BO

COSPp = —=T————
5v] ||

I —p
124 12
1 0

B \/M2+V2+1\/M2+V2
B IJ’2+V2
IR
1
np=+v1—co?p=4/—0
sin ¢ cos e

cot o = /2 + 12,

cot? o = p? + 1?2 = cot? a4 cot? S,

Eason Shao

Page 284 of 430



STEP Project Year 2019 Paper 3

Notice that

2 42
w2441

_ cot? o + cot? B
~ cot?a+cot? B+ 1

cos? acsin? B + cos? Bsin’ «

cos® p =

cos? asin® B + cos? Bsin? o + sin? Bsin® a
B cos? a1 — cos? B) + cos? B(1 — cos? a)
(cos? a + sin? @) (cos? B + sin? ) — cos? a cos? f3

cos? o + cos? 8 — 2 cos? acos? 3

1 — cos? acos? 3
cos? o + cos? 3 — 2cos? 0
1— cos26

Since (cos a — cos 3)? = cos? a + cos? 3 — 2cos § > 0, we have cos? a + cos? 3 > 2cos 6, and hence

cos? o + cos? B — 2 cos? 0 S 2cosf —2cos? 0
1— cos26 - 1—cos?6

cos? p =

Notice that

2cosf —2cos? 6
1—cos?26
2cosf(1 — cosb)
(1 —cos0)(1+ cosb)
2cosf
1+ cosé

cos? >

= 0
1—1—(:05000S

> cos 6

1+1
= cosf

> cos? 6,

since 6 is acute, 0 < cosf < 1.

This means cos? ¢ > cos? §, and since 6, ¢ are acute, this must mean that ¢ < 6, since cos @, cos
are both positive, and cosp > cosf.
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