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2018.3 Question 8

1. Using the substitution t = 1
x , we have

dt

dx
= − 1

x2
=⇒ dx = −x2 dt = −dt

t2
,

and when x → 0+, t → ∞, and when x = 1, t = 1. Hence,

I =

∫ 1

0

f(x−1)

1 + x
dx

=

∫ ∞

1

f(t)

1 + t−1
·
(
−dt

t2

)
=

∫ ∞

1

f(t) dt

t(1 + t)

=

∫ 2

1

f(t) dt

t(1 + t)
+

∫ 3

2

f(t) dt

t(1 + t)
+

∫ 4

3

f(t) dt

t(1 + t)
+ · · ·

=

∞∑
n=1

∫ n+1

n

f(t) dt

t(1 + t)
,

as desired.

Since f(x) = f(x+ 1) for all x, we must have that f(x) = f(x+ n) for all x and integers n. Also,
we have

1

y(1 + y)
=

1

y
− 1

1 + y
.

Hence,

I =

∞∑
n=1

∫ n+1

n

f(t) dt

t(1 + t)

=

∞∑
n=1

∫ 1

0

f(n+ t) dt

(n+ t)(n+ t+ 1)

=

∞∑
n=1

∫ 1

0

f(t) ·
[

1

n+ t
− 1

n+ t+ 1

]
dt

=

∞∑
n=1

∫ 1

0

f(t) dt

n+ t
−

∞∑
n=1

∫ 1

0

f(t) dt

n+ t+ 1

=

∞∑
n=1

∫ 1

0

f(t) dt

n+ t
−

∞∑
n=2

∫ 1

0

f(t) dt

n+ t

=

∫ 1

0

f(t) dt

1 + t
.

2. For the first integral, simply consider f(x) = {x}, and we can immediately see that f(x) has period
of 1 from the definition. Hence,∫ 1

0

{x−1}
1 + x

dx =

∫ 1

0

f(x−1)

1 + x
dx =

∫ 1

0

f(x)

1 + x
dx =

∫ 1

0

{x}
1 + x

dx.
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Since for 0 < x < 1, we have {x} = x, and hence∫ 1

0

{x−1}
1 + x

dx =

∫ 1

0

{x}
1 + x

dx

=

∫ 1

0

x

1 + x
dx

=

∫ 1

0

(
1− 1

1 + x

)
dx

= 1− [ln(1 + x)]
1
0

= 1− (ln(2)− ln(1))

= 1− ln 2.

For the second integral, we let g(x) = {2x}, and we can see that g(x) has a period of 1
2 , and hence

it also has a period of 1. Hence,∫ 1

0

{2x−1}
1 + x

dx =

∫ 1

0

g(x−1)

1 + x
dx =

∫ 1

0

g(x)

1 + x
dx =

∫ 1

0

{2x}
1 + x

dx.

We split this integral into two parts, [0, 0.5] and [0.5, 1].

∫ 1

0

{2x−1}
1 + x

dx =

∫ 1

0

{2x}
1 + x

dx

=

∫ 0.5

0

{2x}
1 + x

dx+

∫ 1

0.5

{2x}
1 + x

dx

=

∫ 0.5

0

2x

1 + x
dx+

∫ 1

0.5

2x− 1

1 + x
dx

=

∫ 0.5

0

[
2− 2

1 + x

]
dx+

∫ 1

0.5

[
2− 3

1 + x

]
dx

= 1− 2 [ln(1 + x)]
0.5
0 + 1− 3 [ln(1 + x)]

1
0.5

= 2− 2 ln 1.5 + 2 ln 1− 3 ln 2 + 3 ln 1.5

= 2− 3 ln 2 + ln 1.5

= 2− 3 ln 2 + ln 3− ln 2

= 2− 4 ln 2 + ln 3.
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