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2018.3 Question 4

The hyperbola has parametric equation

T = asech,
y=btané.
Hence, by differentiation, we have

d
dy _ @

dzx
dzx S

bsec? 6

asecHtan6
bcos

asin 6 cos 6
b

asing’

The tangent to the hyperbola at P will be

b
asinf

y—btanfd = (z — asech),

which simplifies to
aysinf — abtan @ sin @ = bx — absecd,

and hence
bx — aysin = ab(secf — tan fsin §).

Notice that
1 —sin?6 B cos? 6

cosf cos

sec —tanfsinf = = cos ¥,
and so the equation of the tangent is
bxr — aysin @ = abcos b,
exactly as desired.
1. Let £ = ¥ = 5 for S, we have x = as and y = bs, and hence
abs — abssin = abcos b,
which gives
cos 6
§=—,
1—siné

cos 0 cos 0
s (al —sin@’bl —sin9> '

Let 2 = —4 =t for T', we have x = at and y = —bt, and hence

and hence

abt + abt sin @ = abcosb,
which gives
_ cosf
"~ 1+sin6’

7(a COS'O - 005'9 .
1+ siné 1+sinf

t

and hence
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We have
a1iossir?0+a% __acosd 1 1
2 2 <1sin9+ 1+sin0>
__acosf 2
T2 (M)
_a
~ cosf
= asec,
and
ar*By — bigay bcos 6 1 1
1—siné 1+sinf
2 2 (1—sin9_ 1—|—sin0>

B bcosO [2sin6
) cos? 0
bsin @

cos 0
= btan@.

This means the midpoint of ST is (asec,btan @), which is exactly P.

2. Since the tangents are perpendicular, that means

dy| dy
dr|, dw|,” "
and hence
b _ b _ 1
asinf asing ’
which means
b2 = —a®sinfsin .

The two tangents are

bxr — aysinf = abcos
and

bx — aysin = abcos .
Since bx = bz, we have

aysin @ + abcos € = aysin ¢ + abcos p,
and hence
y(sin @ — sin ) = b(cos ¢ — cos ),
which gives
cos ¢ — cosf

sinf) — sinp
Hence,

__abcosf + aysinf
b
(bcos@—i—bsin@

a

b

cos ¢ — cos
sin @ — sin

- 0
=a (cosﬁ + sin GWC()S)

sin @ — sin ¢

cos O(sin 6 — sin ) + sin #(cos ¢ — cos h)

=a - -
sinf — sin @

sin 6 cos ¢ — cos fsin

sinf — sin @
sin(6 — ¢)
sinf — sinp’
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This means

2 2 Sin2(9 — )
—g2. YTy

(sin @ — sin 50)2

2 2
g2 o2 PO i (89— C00)

(sin @ — sin p) (sinf — sin )

Notice that
a® —b* = a® 4 a?sinfsin p = a*(1 + sinfsin ).

Hence,
.2 2
sin“ (6 — cos ¢ — cosf
P +y?=a’ —.m ( - g0)2 —sin9s1n<p-—( - L - )2
(sin @ — sin ) (sin @ — sin )
a2

= TR {sinQ(G — ) — sinfsin p (cos ¢ — cos 9)2} .
inf — si
What is desired is to show
(1 + sin@sin ¢)(sin 6 — sin )2 = sin?(0 — o) — sin O sin ¢ (cos @ — cos ) .

We have

RHS = (sin # cos ¢ — cos §sin¢)? — sin 6 sin p(cos? ¢ 4 cos? § — 2 cos ¢ cos 0)
= sin A cos? ¢ + cos? O sin® p — 2sin O cos O sin ¢ cos @
— sin @ sin ¢ cos® ¢ — sin §sin ¢ cos® @ + 2 sin § cos f sin @ cos @
= sin 6 cos? p(sin 6 — sin ) + cos® O sin p(sin ¢ — sin 0)

= (sin @ cos® p — cos? B sin ) (sin § — sin ).

Therefore, what is left to prove is that
(14 sin@sin ) (sin @ — sin ) = sin 6 cos® p — cos? fsin @

Notice that

LHS = sinf — sin ¢ + sin? §sin ¢ — sin @ sin” o
= sin (1 — sin” ) — sin (1 — sin? §)
= sinf cos® ¢ — sin @ cos®
= RHS.

This shows that

1

(ind —sin )2 sin?(f — @) — sinfsin ¢ (cos p — cos )| = 1 + sin fsin ¢,

and hence
x2+y2:a2—b2,

as desired.
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