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2018.3 Question 3
Notice that
x“(xb(xcy)’)’ — LL’a(.’Iib(C(EC_ly =+ xcy/))/
— xa I:xb-‘rc—l (Cy + xy/)]l
— Jia [(b teo— 1)xb+c72 (cy —|—xy') +xb+c—1 (cy’ + y/ + xy”)]
=22 (bt e~ 1) (cy +ay’) F ey +y +ay”)]
= @02 (220 4 (b+ 2)ay’ + (b+c— 1)ey] .
Comparing this with the left-hand side of the original equation, we must have
a+b+c—2=0,
b+2c=1-2p,
(b+c—1)c=p* ¢

The second equation gives
b=1-2p—2c,

and putting this into the third equation gives

(1—2p—2c+c—1)c=p*—¢,

and hence
4+ 2pc+p? —# =0.
This gives
(c+P—a)lc+(p+q) =0,
and hence

€L =—-p+q,c2=—p—gq.
Putting this back, we get
by =1-2p—2(—p+q) =1-2¢,by=1-2p—2(-p—¢q) =1+2g,
and since a = 2 — b — ¢ from the first equation, we have
a=2-(1-2¢)—(-p+q)=1+p+g

and
az=2-(1+29)—(-p—q)=1+p—q

Hence, the solutions are

a=ptqg+l,
b=F2q+1,
c=—-p=xq.

1. In the case where f(z) = 0. We must have
x® (xb(xcy)')/ =0,
and hence
(:cb(:ncy)/)' =0.
Therefore, we must have by integration
2P (z%) = Cy
for some (real) constant Cj.

Hence,
(z°y) = CLz~°.

There are two cases here:
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(a) When b = 1 ie. ¢ = 0, the right-hand side is C;z~!, and the left-hand side is (z°y)’.
Integrating both sides give
zy =Cilnx + Co
for some (real) constant Cs.
Hence,
y=a °(Cilnz + Cy)
for some (real) constants Cp, Co.
When ¢ =0, ¢ = —p, and hence

y=aP(Cylnx + Cy).
(b) When b # 1 i.e. ¢ # 0, integrating both sides give

—b+1
c C’lx

Y= +Co

for some (real) constant Cs.
Hence,

C —b+1
y=a ¢ (1§+ 1 + CQ)

for some (real) constant C1, Co.
Hence,

— p—(-p%aq) Cra (Pt + C
v —(F2q+1)+1 " 7

Clxj:2q
— PFq

Cq
— PG 4 o T
:|:2qx + Caz

— Cgmpiq + CoxP T,
for some (real) constant Cy, Cs.

2. This is when ¢ = 0 and f(z) = 2™. We have a = p+ 1,b = 1 and ¢ = —p, and the original
differential equation reduces to

LPt1 (gg (x—py)’), -y
and hence ,

(m (xfpy)/) =g Pl
There are two cases here:

(a) If n—p—1=—1, i.e. n =p, we have, by integration,

x (x*py)/ =lnz+ Cy.

This gives
1 C
(x—Py)/ — mr + 71’
x T
and hence by integration
1 2
x Py = ( n;) + Cilnx + Cs.
This solves to )
P(1
Yy = riny) (;x) + C1aP Inx + CoxP.
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(b) If n—p—1%# —1, i.e. n# p, we have

—p /: x
v () = 2
This gives
n—p—1
(l‘,py)/ - x + Cl'

Since n —p — 1 # —1, by integration we have

—p " P
x Py = 4444—§'+>Cﬁlnﬂf+’6&,

(n—p)

and hence

— t CizPInz + CoxP.
D
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