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2018.3 Question 2

1. Notice that
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= 2xyn − yn+1,

as desired.

2. We first look at the base case where n = 1. What is desired is

y2 = 2xy1 − 2y0.

We have y0 = 1,

y1 = (−1)1
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= 2x,

and

y2 = 2xy1 −
dy1
dx

= 2x · 2x− 2 = 4x2 − 2.

Hence,
2xy1 − 2y0 = 2x · 2x− 2 · 1− 4x2 − 2 = y2,

so the base case is satisfied.

Now assume this is true for some n = k ≥ 1, i.e.

yk+1 = 2xyk − 2kyk−1.

We have

yk+2 = 2xyk+1 −
dyk+1

dx

= 2xyk+1 −
d (2xyk − 2kyk−1)

dx

= 2xyk+1 − 2yk − 2x
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+ 2k
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= 2xyk+1 − 2yk − 2x(2xyk − yk+1) + 2k(2xyk−1 − yk)

= 2xyk+1 − 2yk − 4x2yk + 2xyk+1 + 4kxyk−1 − 2kyk

= 4xyk+1 − 2(2x2 + k + 1)yk + 4kxyk−1

= 4xyk+1 − 2(2x2 + k + 1)yk + 4kx · 2xyk − yk+1

2k

= 4xyk+1 − 2(2x2 + k + 1)yk + 2x(2xyk − yk+1)

= 2xyk+1 − 2(k + 1)yk,

which is exactly the statement for n = k + 1.

Hence, by the principle of mathematical induction, we have yn+1 = 2xyn − 2nyn−1 for all n ≥ 1.

We have

LHS = y2n+1 − ynyn+2

= y2n+1 − yn(2xyn+1 − 2(n+ 1)yn)

= y2n+1 − 2xynyn+1 + 2(n+ 1)y2n
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and

RHS = 2n(y2n − yn−1yn+1) + 2y2n

= 2n

(
y2n − 2xyn − yn+1

2n
yn+1

)
+ 2y2n

= 2ny2n − (2xyn − yn+1) yn+1 + 2y2n

= 2ny2n − 2xynyn+1 + y2n+1 + 2y2n

= y2n+1 − 2xynyn+1 + 2(n+ 1)y2n.

3. This can be shown by induction on n. The base case for n = 1 is

y21 − y0y2 = (2x)2 − 1 · (4x2 − 2) = 2 > 0

is true.

Now assume the statement is true for n = k ≥ 1, i.e.

y2k − yk−1yk+1 > 0.

We have

y2k+1 − ykyk+2 = 2n(y2k − yk−1yk + 1) + 2y2n

> 2n · 0 + y2n

= 0 + y2n

≥ 0,

which is the statement for n = k + 1.

Hence, by the principle of mathematical induction, we have y2n − yn−1yn+1 > 0 for all n ≥ 1.
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