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2018.3 Question 2
1. Notice that
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as desired.

2. We first look at the base case where n = 1. What is desired is

Y2 = 221 — 2%0.

We have yo = 1,
1 de_gc2 2 .2
Y= (_1)1€,7W =—e" (“2z)e”" =2z,
and d
y2:2xy1—ﬂ:2m~2x—2:4x2—2.
dx
Hence,

2wy — 2o = 2x - 2o — 2 -1 — 4z — 2 =y,
so the base case is satisfied.
Now assume this is true for some n =k > 1, i.e.

Yet1 = 22Yx — 2kYr—1.

We have
d
Yk+2 = 20Yp+1 — ydk;l
d(2 — 2ky;—
P ( fﬂykd Yk—1)
T
d dyj_
= 20Yk+1 — 2yk — 2xﬂ + 2k Ye—1
dz dx

= 20Ypr1 — 2y — 22(20Yr — Yrt1) + 2k(22YR—1 — Yr)
= 20ypy1 — 2yk — 422y + 20ypg + dkayp_ 1 — 2k
= dzypq1 — 2(22% + k + D)yy, + 4kzyp_

2 _
= 4wy — 2 2% + k + Vyg + 4k - %

(
= daypi1 — 2227 + k + Dy + 22220y — Yrt1)
= 2zyp+1 — 2(k + 1ys,

which is exactly the statement for n =k + 1.
Hence, by the principle of mathematical induction, we have y,,+1 = 22y, — 2ny,—1 for all n > 1.
We have
LHS = y721+1 — YnYn+2
= Yni1 = Yn(20Ynt1 — 2(n + 1)yn)
= y72L+1 = 22YnYnt1 + 2(” =+ l)yi
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and
RHS = 2n(y2 — Yn—1Yn+1) + 2y2

2x — 1
=2n (yi - S ynH) + 2y,

= 2nyi - (2$yn - yn+1) Yn+1 + 2y72L
= 2ny2 — 22y Ynt1 + Y21 + 292
= Y2 11 — 20YnYnt1 + 2(n + 1)y2.

3. This can be shown by induction on n. The base case for n =1 is
v —yoy2 = (22)% —1- (422 —2) =2 >0
is true.
Now assume the statement is true for n =k > 1, i.e.
Yi = Yr—1Yk41 > 0.

We have

Yer1 — UkUkt2 = 2n(Yp — Yr—1yk + 1) + 292
>2n-0+y2
=0+ ny
>0,

which is the statement for n = k + 1.

Hence, by the principle of mathematical induction, we have y2 — 1y, _19n+1 > 0 for all n > 1.
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