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By the definition of a probability generating function, we have

o0

ZP , and G(—1) = > (~1)"P(X =n).

n=0

Hence,
G)+G(-1) =Y [1+(-1)"|P(X =n).
n=0

When n is odd, 1 4+ (—1)" = 0. When n is even, 1+ (—1)" = 2.

This means
o0

G(1)+G(-1) =2 P(X =2n),

which gives

%(G(l)—l—G(—l)):iP(X:%”L):P(X:Ooer2orX=4....

Since X ~ Po()), we have

I
mI
>
\M8
2|Z
3

_ A1-t)

1. Consider G(t) + G(—t). By definition, we have

ZP =n)t", G(—t) = Y _(-=1)"P(X =n)t",
n=0
and hence -
Gt)+G(—t) =Y (14 (-1)")P(X = _2ZP =2n
n=0

Let H(t) be the probability generating function of ¥, we have

(t) = ZP(Y:
_ZP t2n
7ZkP =2n) - "

n=0

= 26+ o).

2",
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To find k, we must have H(1) = 1. Hence,

k k k
1=2(G1)+G(-1)) == (e_)‘(l_l) + e_’\(1+1)) =S (e,
2 2 2
which gives
b 2 - 2¢e* - e
T 14e 2 edder  cosh)’
Hence,
k
H(t) = 5 (G(t) + G(-1))
_ oA (G,A(yt) n e”\(lﬂ))
2 cosh A
1 e)\t +6—At
- cosh A 2
_cosh At
" cosh )\’

Differentiating this with respect to ¢, we have

Asinh At
H(t) = ———
®) cosh X ’
and hence Ssighi - 1
_ ey Asinh A1
EY)=H'(1) = “eosh Atanh .

Since —1 < tanh A < 1, we have Atanh A < A, and so E(Y) < X for A > 0.
2. Consider G(t) + G(—t) + G(it) + G(—it). By definition, we have

G(t) + G(—t) + G(it) + G(—it) = i (14 (=)™ +i" 4 (—)")P(X =n) - t".

n=0
Let m be an integer. Consider the following four cases:

en=4dm, 1+ (-1)"+i"+(—-i)"=1+1+14+1=4.

en=4dm+1, 1+ (=1)"+i" + (=i)" =1+ (=1)+i+ (—i) = 0.
en=4m+2, 14+ (=1)" +i" 4+ (=i)" =1+ 1+ (1) +(-1) = 0.
en=4dm+3, 1+ (-1)"+i"+(=i)" + 1+ (=1) + (=) +i=0.
Hence,
G(t) + G(—t) + G(it) + G(—it) =4 Y P(X =4n) - t*".
n=0

Let P(t) be the probability generating function of Z, we have
P(t)=> P(Z=n)-t"
n=0

= iP(Z:ALn) - in

n=0
- Ci P(X = 4n) - t*"
n=0
- 2 (G(t) + G(—t) + G(it) + G(—it)) .
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Since P(1) = 0, we must have

1= (G(1) +G(-1) + G(i) + G(~i))

(e—,\(1—1) 4o M+ 4 =A(1-d) +e—>\(1+i))

ef/\ . .
= T( )\+67/\+6M+671/\)

-

SN e~ oY

)

(cos A+ cosh A).

Hence,
2e*
cos A + cosh A’

Therefore,

P(t) = S (G(t) + G(—t) + G(it) + G(—it))

>0

A
_ € —A(1—t) —A(14t) —A(1—it) —A(l-&-it)}
2(cos A + cosh \) [ te te te

M 1 et 1 gAit | oAt
2(cos A + cosh \)
_ cos At + cosh At
~ cosA+cosh A’

Differentiating this with respect to t gives us

A(—sin At + sinh At
Pi(t) = ( cos A +—Zosh)\ )’
and hence - , A(—sin A + sinh \)
(2)=P(1) = cosA+coshA
E(Z) < ) is equivalent to
sinh A — sin A

—_—— <1,
cosh A + cos A

which is then equivalent to
sinh A — cosh A < sin A + cos A,

which is
—e N < sin A+ cos \.

However, this is not necessarily true. Let A = m. We have
LHS = —¢ ™ > —¢ = —1,

and
RHS =sin7 + cosm = —1,

which means LHS > RHS for A = 7, which means E(Z) > A. Therefore, the statement is not true.
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