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2018.2 Question 8

1. Since v =
√
y, we have y = v2, and hence

dy

dt
= 2v

dv

dt
,

and hence the original equation reduces to

2v
dv

dt
= αv − βv2,

which gives

2
dv

dt
= α− βv.

Rearranging gives us
dv

α− βv
=

dt

2
,

and hence integrating both sides gives

− 1

β
ln|α− βv| = 1

2
t+ C.

Hence,

ln|α− βv| = −βt

2
+ C ′,

and

α− βv = A exp

(
−βt

2

)
,

and hence

v =
1

β

[
α+A exp

(
−β

2

)]
,

which means

y = v2 =
1

β2

[
α+A exp

(
−βt

2

)]2
.

Since y = 0 when t = 0, we have A = −α, and hence

y1(t) =
α2

β2

[
1− exp

(
−βt

2

)]2
.

2. Let v = 3
√
y in this case, and hence y = v3, we have

dy

dt
= 3v2

dv

dt
,

and hence the original equation reduces to

3v2
dv

dt
= αv2 − βv3,

and hence

3
dv

dt
= α− βv.

Similar to before, this solves to

v =
1

β

[
α+B exp

(
−β

3

)]
,

and hence

y = v3 =
1

β3

[
α+B exp

(
−β

3

)]3
.

Since y = 0 when t = 0, we have B = −α, and hence

y2(t) =
α3

β3

[
1− exp

(
−βt

3

)]3
.
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3. Let α = β = γ. We have

y1(t) =

[
1− exp

(
−γt

2

)]2
, y2(t) =

[
1− exp

(
−γt

3

)]3
.

For t > 0, we have

0 > −γt

3
> −γt

2
> −∞,

and since the exponential function is strictly increasing, we have

1 > exp

(
−γt

3

)
> exp

(
−γt

2

)
> 0,

and hence

1 > 1− exp

(
−γt

2

)
> 1− exp

(
−γt

3

)
> 0.

Hence,

y1(t) =

[
1− exp

(
−γt

2

)]2
>

[
1− exp

(
−γt

3

)]2
>

[
1− exp

(
−γt

3

)]3
= y2(t)

which tells us that the graph of y2 should lie below the graph of y1.

As t → ∞,

exp

(
−γt

2

)
, exp

(
−γt

2

)
→ 0+,

and hence
y1(t), y2(t) → 1−.

At t = 0, y1(t) = y2(t) = 0, and hence by the original differential equation y′1(t) = y′2(t) = 0.

Hence, the graph looks as follows.

y

x
O

y = 1
y = y1(x)

y = y2(x)
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