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2018.2 Question 13

This setup gives a Markov Chain. Let the column vector x,, represent a state

Xn = C )
n

and hence we have the components of the column vector must sum to 1. The initial state is defined by

Xo =

O OO

and the state transition matrix is

1/2 1/4 0 1/4 2 1 0 1
Mo |14 Y2 e 0| 12 10
o 174 12 14|20 1 2 1|’
1/4 0 1/4 1/2 101 2
which gives
Xpt1 = Mx,.
1. Notice that
21 0 1 1 2
111 2 1 0 0 111
xi=Mxo=214 1 9 1||o| =720l
1 01 2 0 1
and hence A = 3,B; = 1,01 =0,D1 = 1.
Also,
21 0 1 2 6 3
e ZM[t2zroof tfr) 14y 12
X=MX=7101 2 1| 2lo| w2 |1
1 0 1 2 1 4 2

and hence Ay = 3, By = 1,0y = £, Dy = 1.

2. We claim that B,, = D,, for all n by symmetry, and notice that

1 1 1

But1 =7 (A +2By+Cn) = 7+ (An+Ba+ O+ Du) = 7,

and . X 1
D1 = 7 (An+Cou+2Dy) = 7 (An + B+ 0o+ Dy) = 7,

sothatBn:Dn:%foralanI. (For n =0, B, = D,, =0).

Hence, for n > 1, we have

1 1 1 1 1
An+1 = Z(2An + B, +Dn) =7 <2An + 2) = §An + §7

1 1 1
An+1_4—2<An_4)a

which shows that A, — % is a geometric sequence with common ratio % The initial term of the
geometric sequence is A1 — % = i, and hence

which means
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which shows A,, = i + 27%% forn > 1.

Also, C,, has the same inductive relationship as A,,, the only difference being that the initial term
is C7 — i = —1 and hence

4

Hence, we have

Xn =

1 1

Cn—z :_W’

which shows C,, = % — 2"% for n > 1.
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n =0,

1 1011 1 1\T .
it 1 — g Z) , otherwise.
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