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2017.3 Question 8

We have

n∑
m=1

am(bm+1 − bm) =

n∑
m=1

ambm+1 −
n∑

m=1

ambm

= −
n−1∑
m=0

bm+1am+1 +

n∑
m=1

bm+1am

= −
n∑

m=1

bm+1am+1 +

n∑
m=1

bm+1am + an+1bn+1 − a1b1

= an+1bn+1 − a1b1 −
n∑

m=1

bm+1(am+1 − am),

as desired.

1. Let am = 1. On one hand, we have

n∑
m=1

am(bm+1 − bm) =

n∑
m=1

[sin(m+ 1)x− sinmx]

=

n∑
m=1

2 cos

(
(m+ 1)x+mx

2

)
sin

(
(m+ 1)x−mx

2

)

= 2

n∑
m=1

cos

(
m+

1

2

)
x sin

x

2

= 2 sin
x

2

n∑
m=1

cos

(
m+

1

2

)
x.

On the other hand, we have

n∑
m=1

am(bm+1 − bm) = an+1bn+1 − a1b1 −
n∑

m=1

bm+1(am+1 − am)

= sin(n+ 1)x− sinx.

Therefore, by rearranging, we have

n∑
m=1

cos

(
m+

1

2

)
x =

1

2
[sin(n+ 1)x− sinx] cosec

1

2
x

as desired.

2. Let am = m, and let bm = cos
(
m− 1

2

)
x. We have the identity

cosA− cosB = −2 sin

(
A+B

2

)
sin

(
A−B

2

)
.

Therefore, we have

n∑
m=1

am(bm+1 − bm) =

n∑
m=1

m ·
[
cos

(
m+

1

2

)
x− cos

(
m− 1

2

)
x

]

=

n∑
m=1

−2m sinmx sin
1

2
x

= −2 sin
1

2
x

n∑
m=1

m sinmx,
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and

n∑
m=1

am(bm+1 − bm)

= an+1bn+1 − a1b1 −
n∑

m=1

bm+1(am+1 − am)

= (n+ 1) cos

(
n+

1

2

)
x− 1 · cos 1

2
x−

n∑
m=1

cos

(
m+

1

2

)
x · 1

= (n+ 1) cos

(
n+

1

2

)
x− cos

1

2
x−

n∑
m=1

cos

(
m+

1

2

)
x

= (n+ 1) cos

(
n+

1

2

)
x− cos

1

2
x− 1

2
(sin(n+ 1)x− sinx) cosec

1

2
x

=
1

2
cosec

1

2
x

[
2(n+ 1) cos

(
n+

1

2

)
x sin

1

2
x− 2 cos

1

2
x sin

1

2
x− (sin(n+ 1)x− sinx)

]
=

1

2
cosec

1

2
x [(n+ 1) (sin(n+ 1)x− sinnx)− (sinx− sin 0)− (sin(n+ 1)x− sinx)]

=
1

2
cosec

1

2
x [n sin(n+ 1)x− (n+ 1) sinnx] .

Therefore, we have

−2 sin
1

2
x

n∑
m=1

m sinmx =
1

2
cosec

1

2
x [n sin(n+ 1)x− (n+ 1) sinnx]

n∑
m=1

m sinmx = −1

4
cosec2

1

2
x [n sin(n+ 1)x− (n+ 1) sinnx] ,

and therefore, p = − 1
4n, q = 1

4 (n+ 1).
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