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2017.3 Question 6

1. Consider the substitution u = 1
v .

When u → 0+, v → +∞.

When u = x, v = 1
x .

We also have

du = − 1

v2
dv.

Therefore,

T (x) =

∫ x

0

du

1 + u2

=

∫ 1
x

+∞
− 1

v2
· 1

1 + 1
v2

dv

=

∫ +∞

1
x

dv

1 + v2

=

∫ +∞

0

dv

1 + v2
−
∫ 1

x

0

dv

1 + v2

= T∞ − T (x−1),

as desired.

2. When u ̸= a−1, we have

dv

du
=

d

du

u+ a

1− au

=
1 · (1− au) + a · (u+ a)

(1− au)2

=
1− au+ au+ a2

(1− au)2

=
1 + a2

(1− au)2
.

Also, notice that

1 + v2

1 + u2
=

1 +
(

u+a
1−au

)2
1 + u2

=
(1− au)2 + (u+ a)2

(1 + u2)(1− au)2

=
1− 2au+ a2u2 + u2 + 2au+ a2

(1 + u2)(1− au)2

=
(1 + a2)(1 + u2)

(1− au)2(1 + u2)

=
1 + a2

(1− au)2
.

Therefore, dv
du = 1+v2

1+u2 as desired.

Eason Shao Page 39 of 50



STEP Project Year 2017 Paper 3

Consider the substitution v = u+a
1−au . When u = 0, v = a. When u = x, v = x+a

1−ax . Therefore,

T (x) =

∫ x

0

du

1 + u2

=

∫ x+a
1−ax

a

1 + u2

1 + v2
· dv

1 + u2

=

∫ x+a
1−ax

a

dv

1 + v2

=

∫ x+a
1−ax

0

dv

1 + v2
−
∫ a

0

dv

1 + v2

= T

(
x+ a

1− ax

)
− T (a),

as desired.

If we substitute T (x) = T∞ − T (x−1) and T (a) = T∞ − T (a−1), we can see that

T (x) = T

(
x+ a

1− ax

)
− T (a)

T∞ − T (x−1) = T

(
x+ a

1− ax

)
−
[
T∞ − T (a−1)

]
T (x−1) = 2T∞ − T

(
x+ a

1− ax

)
− T (a−1),

as desired.

Now, let y = x−1 and b = a−1. Then

x+ a

1− ax
=

y−1 + b−1

1− b−1y−1

=
b+ y

by − 1
.

This gives us

T (y) = 2T∞ − T

(
b+ y

by − 1

)
− T (b),

as desired.

3. Let y = b =
√
3. We can easily verify that b > 0 and y > 1

b . Therefore,

T (
√
3) = 2T∞ − T

(√
3 +

√
3

3− 1

)
− T (

√
3),

which simplified, gives us T (
√
3) = 2

3T∞ as desired.

In T (x) = T
(

x+a
1−ax

)
− T (a), let x = a =

√
2− 1, we can verify that a > 0 and x < 1

a , therefore we

have

T (
√
2− 1) = T

(
(
√
2− 1) + (

√
2− 1)

1− (
√
2− 1) · (

√
2− 1)

)
− T (

√
2− 1),

T (
√
2− 1) = T

(
2
√
2− 2

1−
(
2 + 1− 2

√
2
))− T (

√
2− 1),

T (
√
2− 1) = T

(
2
√
2− 2

2
√
2− 2

)
− T (

√
2− 1),

2T (
√
2− 1) = T (1).
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In T (x) = T∞ − T (x−1), let x = 1. We have

T (1) = T∞ − T (1),

2T (1) = T∞.

Therefore, T (
√
2− 1) = 1

4T∞, as desired.
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