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2017.3 Question 6

1. Consider the substitution u = %

When v — 07, v = +o0.

When u =z, v = L.

x

We also have

1
du:—ﬁdv
Therefore,
T du
T =
() /01+u2
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/+°O dv
o 1 1+ v2
B T o /1 dv
o 1402 Jy 1402
=Ty —T(z™Y),
as desired.
2. When u # a~!, we have
dv d u+a

du ~ dul-—au
_1-(I-au)+a-(u+ta)
B (1 - au)?
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(1 —au)?
1+a?
(1 —au)?’

Also, notice that

2
1402 1"‘(1“74_;1)
1+u2 142
(1 —au)? + (u+ a)?
(14 u?)(1 - au)?

_ 1 — 2au + a?u? + u? + 2au + a?

(14 u?)(1 — au)?
_ (+a)(1+u?)
(1—au)?(1 +u?)
1+ a?
(1 —au)?’

2 .
Therefore, g—z = }izz as desired.
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Consider the substitution v = fii When v =0, v =a. When u = x,v = 1z+“
* o du
T(x) = —_—
() /0 1+ u?
B =5 1 +u? dv
L. 1+02 14w?
. /lx+aaac de
S 1+ 02
_ /fj‘laf dv /a dv
- 0 1 + U2 0 1 + UQ
rT+a
=T -T
(22) -,
as desired.
If we substitute T'(z) = Too — T(z7 1) and T(a) = Too — T'(a™1), we can see that

T+ a

T+ a
Too —T(z™1) = — [T — T(a™?
@ =1 (50 ) - [ - ()]
T+ a
Tz ') =2T —T —T(a?
@) (£22) -1
as desired.
Now, let y =2~ ! and b = ¢~ !. Then
r+a oy l4+b7!
l—azx 1-b-1ly-!
bty
by —1°

This gives us
T(

as desired.

b+vy

y) :QTOO—T(by_l) —T(b),

3. Let y = b = /3. We can easily verify that b > 0 and y > %. Therefore,

T(V3)

which simplified, gives us T'(v/3) =

rta
l—az

In T(z) = T(

have

T(V2-1)
T(V2-1)
T(vV2
2T (/2

2T — T (@f f) ~T(V3),

%TOO as desired.

2-1)+(vV2-1)
T(l V2 -1) (\@—1)>_T(\/§_1)’
2v/2 — 2
T(l_ 2“_2[)) T(V2 - 1),
2v/2 —
T(Q\[ 2) T(V2-1),

Therefore,

) —T(a), let x = a = /2 — 1, we can verify that a > 0 and = < %7 therefore we
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In T(x) = Too — T(x71), let z = 1. We have

Therefore, T(v/2 — 1) = 1T, as desired.
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