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2017.3 Question 3
By Vieta’s Theorem, from the quartic equation in x, we have
af+ay+ad+ By +Bi+v0=q,
and from the cubic equation in y, we have
(aB +78) + (ay + Bd) + (ad + By) = —A.
Therefore, A = —q.
1. Since (p, q,r,s) = (0,3,—6,10), the cubic equation is reduced to
y® —3y* — 10y + 84 = 0,

and therefore
(y—2)(y—T7)(y+6)=0.
Therefore, y; = 7,y2 = 2,y3 = —6, and o +vd = T.

2. We have

(a+B)(y+08) =ay+ad+ v+ 88
=(af+ay+ad+ By + Bd+76) — (af +79)
=q-—7
=3-7
= —4.

By Vieta’s Theorem, we have afvyd = s = 10. Therefore, o and vé must be roots to the equation

22— Tz +10=0.

The two roots are z = 2 and z = 5, and therefore a8 = 5.

3. We have from the other root that vé = 2.
We notice that (a+ 8) + (v + ) = —p = 0. Therefore, from part 2, (o + 5) and (7 + J) are roots
to the equation
z® —4=0.
This gives us o + = +2 and v+ 6 = F2.

Using the value of r and Vieta’s Theorem, we have
aBy+ afd +ayd + Bvd = —r =6.

Plugging in af =5 and v = 2, we have
5(y+40) +2(a+ 3) =6.

Therefore, it must be the case that « + = —2 and v+ § = 2.

Hence, using the values of a8 and +d, a and 3 are solutions to the quadratic equation x2+2x+5 = 0,
and 7 and § are solutions to the quadratic equation 2% — 2z + 2 = 0.

Solving this gives us o, 8 = —1 4+ 2i and «,0 = 1 4. The solutions to the original quartic equation
is
T1,2 = -1+ 22',.233,4 =1=£1.
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