STEP Project Year 2017 Paper 3

2017.3 Question 13
We have

V(z) = E[(X - 2)’]

BE(X? - 22X + 2?)
E(X?) — 20 E(X) + 22
o —l—,u2

—2zp + 22
Therefore, if Y = V(X), then
E(Y) =E(V(X))
=E(o? + p® — 2Xp + X?)
=02+ u? - 2uE(X) + E(X?)
=02+ p? =202 + p® + 02
=207
Let X ~ U[0,1], we have = E(X) = %, and 0 = Var(X) = ;. Therefore,
1

V(z) = E—i—z—x—i—m
— 2 el
= a:+3.
The c.d.f. of X is F, defined as
0, =<0,
PX<z)=F(x)=1z, 0<z<1,
1, 1<z

Let the c.d.f. of Y be G, we have G(y) = P(Y < y).

Since V([0,1]) = [{5, 3], we must have G(y) = 0 for y < 15 and G(y) =1 for y > &.

For y € (%, %}, we have

G(y) =P <y)=P(V(X) <

y
N1
Ty 12 =Y

1>

)
s

Therefore, the p.d.f. of y, g satisfies that for y € (% %]

g(y) =G'(y) =

Y= 12

and 0 everywhere else.
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