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2017.2 Question 8

The line through A perpendicular to BC is

l1 : r = a+ λu, λ ∈ R.

The line through B perpendicular to CA is

l2 : r = b+ µv, µ ∈ R.

Since P is the intersection of l1 and l2, we must have

a+ λu = b+ µv,

and hence solving for v we have

v =
1

µ
(a+ λu− b) .

Since v is perpendicular to CA, we must have v · (a− c) = 0, and hence

1

µ
(a+ λu− b) · (a− c) = 0

⇐⇒ (a− b) · (a− c) + λu · (a− c) = 0

⇐⇒ λ = − (a− b) · (a− c)

u · (a− c)
.

Hence, the position vector of P , p, must satisfy that

p = a+ λu = a− (a− b) · (a− c)

u · (a− c)
u.

CP is perpendicular to AB if and only if (p− c) · (b− a) = 0. We notice

(p− c) · (b− a) = (a+ λu− c) · (b− a)

= (a− c) · (b− a) + λu (b− a) .

Since u is perpendicular to BC, we must have u · (c− b), and hence u · c = u · b. Hence,

(p− c) · (b− a) = (a− c) · (b− a) + λu · (b− a)

= (a− c) · (b− a) + λu · (c− a)

= (a− c) · (b− a)− (a− b) · (a− c)

u · (a− c)
u · (c− a)

= (a− c) · (b− a) + (a− b) · (a− c)

= (a− c) · (b− a)− (a− c) · (b− a)

= 0,

and hence CP is perpendicular to AB.
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