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2017.2 Question 2
We have
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1. If the sequence is periodic with period 2, then for all integers n > 0, we have

Tny2 =T <> @y [(a+b)zn + (b —1)] = (a® — 1)z, — (a+b)
— (a+b)z2 —(a+b)(a—Db)x, + (a+b) =0
— (a+b)(z2 - (a — bz, +1) = 0.

We also have
Tpt1 = Ty = Tp(r, +b) =az, —1
— 22 —(a—b)ap +1=0,

and this means that for some n = k > 0, we must have 22 — (a — b)x,, + 1 # 0 (otherwise, the
sequence will have period 1).

Therefore, for such n = k, we must have a 4+ b = 0 for the first condition to be true, and hence this
is a necessary condition.

2. Using the formula between z,4 and x,, we have
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a?—1)- [(a* = Day — (a+b)] — (a+b) - [(a+b)xy + (b — 1)]

(a+0)-[(a®> = Dan, — (a+b)] + (0* = 1) - [(a + b)z, + (0% — 1)]
(@ =1)2 = (a+b)?] 2, — [(a® = 1)(a+b) + (a+b)(b* — 1)]
N (@a+0b)[(a®—1)+ (b2 —1)] a2, + [(12 - 1)2 — (a + b)?]

If sequence has period 4, we have z,,+4 = x,, for all integers n > 0, and the sequence does not have
period 1, 2 or 3.

We notice

Tngd =Ty <> 2, [(a+D) [(a® = 1)+ (B> = )] 2, + [(b* — 1)® — (a + )?]]
=[(a®> = 1) = (a+b)*] z, — [(a® = 1)(a+b) + (a + b)(b*> — 1)]
— (a+b)(a®+b*—2) (22 — (a—b)z, +1) =0.

From the previous part, we know that for some n =k > 0, we must have
(a+0b) (27 — (a—b)zp +1) #0,

which means a + b # 0 and 27 — (a — b)xy, + 1 # 0. Hence, we must have a® + b* — 2 = 0.

On the other hand, if a®> +b* -2 =0, a+ b # 0 and 2} — (a — b)zy + 1 # 0 for some n = k > 0,
we know that the sequence does not satisfy x,,+1 = z,, does not satisfy x,, 42 = z,, and it satisfies
Tpt+4 = Tp-
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If 2,43 = =, then we have 135 = 2,4 which contradicts with not satisfying =, 41 = x,. Hence,
the sequence does not satisfy x,3 = x,, and it must have period 4.

Therefore, the sequence has period 4, if and only if
a+b=#0,
a2+ —-2=0,

x3 — (a — by +1# 0 for some n = k > 0.
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