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2016.3 Question 1

Notice that

In =

∫ +∞

−∞

dx

(x2 + 2ax+ b)n
=

∫ +∞

−∞

dx

((x+ a)2 + (b− a2))n
.

1. Let x+ a =
√
b− a2 tanu. When x → −∞, u → −π

2 , and when x → +∞, u → π
2 . We have also

dx = d(x+ a) = d
√

b− a2 tanu

=
√
b− a2 d tanu

=
√

b− a2 sec2 udu.

Therefore, we have

I1 =

∫ +∞

−∞

dx

(x+ a)2 + (b− a2)

=

∫ π
2

−π
2

√
b− a2 sec2 udu(√

b− a2 tanu
)2

+ (b− a2)

=

∫ π
2

−π
2

√
b− a2 sec2 udu

(b− a2)(tan2 u+ 1)

=

∫ π
2

−π
2

sec2 udu√
b− a2 sec2 u

=

∫ π
2

−π
2

du√
b− a2

=
π√

b− a2
,

as desired.

2. Using the same substitution, we have

In =

∫ +∞

−∞

dx

[(x+ a)2 + (b− a2)]n

=

∫ π
2

−π
2

√
b− a2 sec2 udu

[(b− a2) sec2 u]
n

=
1√

b− a2

∫ π
2

−π
2

du

[(b− a2) sec2 u]
n−1 .

Therefore,
2n(b− a2)In+1 = (2n− 1)In,

is equivalent to

2n
√
b− a2

∫ π
2

−π
2

du

[(b− a2) sec2 u]
n = (2n− 1)

1√
b− a2

∫ π
2

−π
2

du

[(b− a2) sec2 u]
n−1

is equivalent to

2n(b− a2)

∫ π
2

−π
2

du

[(b− a2) sec2 u]
n = (2n− 1)

∫ π
2

−π
2

du

[(b− a2) sec2 u]
n−1

is equivalent to

2n

∫ π
2

−π
2

du

sec2n u
= (2n− 1)

∫ π
2

−π
2

du

sec2n−2 u
.
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Notice that∫ π
2

−π
2

du

sec2n−2 u
=

∫ π
2

−π
2

sec2 udu

sec2n u

=

∫ π
2

−π
2

d tanu

sec2n u

= lim
a→π

2
b→−π

2

[
tanu

sec2n u

]a
b

−
∫ π

2

−π
2

tanud sec−2n u

= lim
a→π

2
b→−π

2

[
sinu cos2n−1 u

]a
b
−
∫ π

2

−π
2

−2n secu tanu sec−2n−1 u tanudu

= 2n

∫ π
2

−π
2

tan2 udu

sec2n u

= 2n

∫ π
2

−π
2

(sec2 u− 1) du

sec2n u

= 2n

∫ π
2

−π
2

du

sec2n−2 u
− 2n

∫ π
2

−π
2

du

sec2n u
.

This means

(2n− 1)

∫ π
2

−π
2

du

sec2n−2 u
= 2n

∫ π
2

−π
2

du

sec2n u
,

which is exactly what was desired.

3. Proof by induction:

• Base Case. When n = 1,

LHS = I1 =
π√

b− a2
,

RHS =
π

22·1−2(b− a2)1−
1
2

(
2 · 1− 2

1− 1

)
=

π√
b− a2

(
0

0

)
=

π√
b− a2

.

• Induction Hypothesis. Assume for some n = k ∈ N, we have

In =
π

22n−2(b− a2)n−
1
2

(
2n− 2

n− 1

)
.

• Induction Step. When n = k + 1,

In = Ik+1

=
2k + 1

2(k + 1)(b− a2)
Ik

=
2k + 1

2(k + 1)(b− a2)
· π

22k−2(b− a2)k−
1
2

(
2k − 2

k − 1

)
=

π

22k(b− a2)k+
1
2

(2k − 2)!

(k − 1)!(k − 1)!

(2k + 1)(2k + 2)

(k + 1)2

=
π

22k(b− a2)k+
1
2

2k!

k!k!

=
π

22k(b− a2)k+
1
2

(
2k

k

)
=

π

22n−2(b− a2)n−
1
2

(
2n− 2

n− 1

)
.
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Therefore, by the principle of mathematical induction, for n ∈ N,

In =
π

22n−2(b− a2)n−
1
2

(
2n− 2

n− 1

)
,

as desired.
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