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2015.3 Question 13
1. The cumulative distribution function of X + Y at some value ¢ is ratio of the area below the line
X +Y =t within the unit square [0, 1]?, against the area of the unit square (which is 1).
When 0 < ¢ < 1, the area below is a triangle with vertices at (0,0), (0,t) and (¢,0). This means
Lo
Fyiy(t)= St

When 1 <t <2, the area below is the unit square subtracting the triangle with vertices at (1, 1),
(1,¢t — 1) and (¢ — 1,1). This means

ﬁkH40:1f%uf@an:1f%@fw?

Hence, we have

0, t<0,
142
1 0<t<1
F HH=4{2"" - ’
x4y (1) 1-12-12 1<t<?
1, 2<t.

2. Since X +Y €1[0,2], (X +Y)! € [4,00). Let ¢’ € [1,00), we have

F, () ="P <t
e ) =P (g <7

1
:P<X+Y2t,)

1

1
=1-Fxyy (t’) .

Ift' e [%, 1], we have t'~1 € [1,2], and hence

Fixiv)-1(t) =1—Fxqy <>

If ¢ € [1,00), we have ¢~ € (0,1], and hence

1
Fixiv)-1(t') =1—Fxyy (t’)

Therefore, the cumulative distribution function of (X + Y)~! is given by

0, t <3,
2
F(X‘FY)’l(tl) = % (2 - ti/) ) % < t < 17
1-1(5)?, 1<v.
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The probability density function of (X +Y)~1 is

d
fix4y)-1(t) = @F(X+Y)*1(t/)

Tooe-h)y v =200,
= (=23 P =

0, otherwise,

= ol

<t <1,
<t,

9

as desired.

_1_
X+Y

1
E<X+Y> :/Rtf(xw)_l(t)dt
1 e8]
:/ t-(2t—2—t—3)dt+/ tot3dt
1

1

2

1 [eS)
:/ (2t71 —t7?) dt+/ t2dt
L 1

2

= 2me+ ], — [

_ [(21n1+1_1) - (2111;4- (;)j} -(0-1)

=[1+4+2In2-2]+1
=2In2.

The expectation of is

3. The cumulative distribution function of Y/ X at some value ¢ is the ratio of the area below the line
Y/X =t within the unit square [0, 1]?, against the area of the unit square.

Since 0 < X,Y <1, we have 0 < Y/X < 0.

When 0 < t < 1, the area below is a triangle with vertices at (0,0),(1,0) and (1,¢). Hence, we

have
t

Fy,x(t) = 3

When 1 <t < oo, the area below is the whole unit square, subtracting the triangle with the vertices
at (0,0),(0,1) and (1, %) Hence, we have

1
F: t)y=1— —.
v/x () o
Therefore,
0, t <0,
Fy/x(t) =4 3, 0<t<1,
1
1-L, 1<t
Hence, we have for 0 < ¢’ < 1, we have
X
/: </
Fo (t) P(xw—t)
1 X+Y
—P(=<
P(e =)
1 Y
=P|-<1+4+—
(#=1+%)
Y 1
—P(=>- 1
(k=)
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F0r0<t’§%,Wehave2§tl,,andhencelgtl,—l,

1
FXXH/(t/)Zl—Fy/X<t,—1>
=1-|1- ! 1
(7 1)
1
REREER
t/
T o

For 3 <t <1, wehave 1 <% <2 and hence 0 < £ <1

)

1
-1 !
2
2—-4+1
B 2
3t -1
2
Hence, we have
0, t' <0,
’ 1
Foo@y={zm 0<t'<s
bend 3t'—1 1 ’
Y 2t §<t§17
1, 1<t
Differentiating gives
d
A /
fon ) = pFas ()
1-(2—2t" )42t 1 1
oo = 0<t <5
MU = 5l j<t <,
0, otherwise.

By symmetry, E (XL

dl

E (XL_H,), but also

>+E<XY+Y> :E(X)jY—FXiY) =EBEQ1) =1,

X 1
E =z
<X+Y) 2

+Y>:
X
X+Y

and hence
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Using integration, we have

X
E<X+Y> :/Rscfxi”(m)dx

1
:2_2%+1un<1— e
1 In2 In2
“2 T2 T
1
-
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