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2015.3 Question 12

1. Let X be the random variable for the outcome of one die roll. It has probability distribution
P(X=1z)=¢forz=12,...,6.

Therefore, R; follows the probability distribution P(R; = z) = % firz =0,1,...,5, since Ry =
X mod 6.

This means that 1
G(z) = 8 (14 z+2*+2° + 2" +2°).
Ry = (X1 4+ X2)mod 6 = ((Ry1)a + (R1)p) mod 6, and notice that,

1
G(x)* = 36 (14 2z + 32 + 42® + 52" 4 62° + 52° + 427 + 32® + 227 + 7).

Therefore, combining the terms with the same powers modulo 6, we get

1
Gr,(z) = % (1+5)+ @244z + (B+3)2> + (4+2)2° + (54 1)z* + 62°)
which simplifies gives G(x), as desired.

Therefore, since R, = (X1 +Xo+...+X,,) mod 6 = (R,,—1 + R1) mod 6, by mathematical induction,
we can conclude that the probability generating function for R, is always G(z).

This means that the probability of R,, being a multiple of 6, is
P(6] Ra) = ¢
mn - 6 M
2. Notice that G1(z), the probability generating function for 7} must be

Gi(z) = = (1 + 22+ 2% + 2% + 2) .

| =

Therefore, notice that

1
Gi(z)? = % (1442 + 62° + 62° + 72" + 62° 4 32° + 227 + 2%)
and combining the powers with the same remainder modulo 5, we have
1 1
Gy(r) = % (74 Tz + 82% + 72® + 72*) = % (2 + Ty)

where y = 1+ 2 + 22 + 22 + 2%, as desired.

Expressing G in terms of y, we have
1
Gi(@) = 5o+ )
Experimenting with G, we notice
1
Gi(2) - Ga(z) = 5 (z + y)(@® +Ty)

1 .
= 6—3(x‘3 + Tzy + %y + Ty?).

But notice that up to the congruence of the powers modulo 5, we have 2™y will simplify to simply
y, and
(z+y)? =2 +y’ + 2y =247y
from G1(z)? = Go(z) implies that y? simplifies to 5y.
Therefore,

1 1
Gs(2) = 5 (2 + Ty +y+T7-5y) = (o +43y).
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Now, we assert that
1

B 6" — 1
==

Gn(x) 3

(xnmod{i + y)

The base case is shown in G1, and now we do the inductive step. Assume that

6F — 1

1
Gk(sc)Z—(ﬂ;‘kmOdS-i- =

o Y)

for some k € N.

Grr1(2) = Gr(x) - Gi(2)

1 kmod5 6k71 1
w«(m oY) ety

1 6 —1 68 —1

_ s . (kaod5 -.Z'l +kaod5 y+ax- = Y+ = y2)
1 o 68 -1 6F—1

= o (x(kJrl) A5 4y 4 - Y+ - ~5y)

1 6F —1
- T (x(kJrl)modE) + ( - +6k> y) )

What remains to prove is that
6k+1 -1

68 — 1
+ 65 =——,
5 5
but this is straightforward since this is just trivial algebra.
So our assertion is true, and
1

B 6" — 1
-

Gn(x) 3

(xnmod5 + y)

Now, the probability of 5 | S,, is the coefficient of z° (the constant term) in G,,(z).

If 5 1 n, 27 ™45 is not 2°, and therefore the only term that contributes to the constant term comes
from y, therefore
1 6"—-1 1 1
P(B|S,)=—" =—|1-—==,
(5] Sn) 6" 5 5 ( 6")
as required.

If 5 | n, then 2" ™°4% will be 2° = 1 contributing to the probability, hence

1 6" —1 1 4
pors- (1002 S (1 2),
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