STEP Project Year 2014 Paper 3

2014.3 Question 6

Since f”(t) > 0 for ¢t € (0,x0), we must have that for all x € (0,zg), we have f”(t) > 0 for t € (0, x),
and hence

/0 ") de = f(@) — £(0) > 0.

But since f’(0) = 0, this implies that f’(x) > 0 for = € (0, ).
Repeating this exact step gives that f(z) > 0 for = € (0,xz¢) as desired.

1. We would like to show f(z) =1—coszcosha > 0 for z € (0, 37). Notice that f(0) =1—1-1=0,
and
f'(x) = sinz coshx — cosx sinh z,

which means
f’(O)=O~1—1-O:O.

Further differentiation gives

f"(x) = cosz cosh z + sin x sinh z + sin x sinh x — cos z cosh z = 2 sin z sinh .

Ifxe (0, g), we have sinz > 0 and sinh x > 0, which gives f”(x) > 0.

From the lemma we proved we have f(z) > 0 for z € (0 Z), which is exactly cosxcoshx < 1 as

)
desired.
2. What is desired is to show sinz coshz — 2 > 0 and x2 — sinzsinhz > 0 for x € (O7 g)
Let g(x) = sinz coshx —z and h(z) = 22 —sinzsinhz. g(0) =0-1—-0 =0 and h(0) = 0>—0-0 = 0.

Differentiating gives
g (z) = coswcoshz + sinxsinhx — 1,

and
B (z) = 2z — cos xsinhx — sin z cosh z.
Hence,
J0)=1-140-0—1=0,
and

h'(0)=2-0-1-0—-0-1=0.
Differentiating this again gives
g"(z) = —sinx coshx + cos z sinh z + cos x sinh z + sin x cosh x = 2 cos x sinh
and

B (x) =2 + sinzsinhz — cos x cosh x — cos x cosh z — sin x sinhz = 2 — 2 cos z cosh x.

For z € (0, %), we notice that cosz > 0 and sinhz > 0, and so g”(x) > 0. Also, notice that
N'(z) = 2f(x) so h'(x) > 0.

Hence, g(x) > 0,h(x) > 0 when x € (0, 5) which proves the result as desired.
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