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2014.3 Question 4
1. We have

1
I—-1, :/ [(y’)2 —y? = (Y +ytanx)2] dz
0

1
- / [v* + ¢* tan® 2 + 29y’ tan 2] da
0

1
- / [92(1 + tan? ) + 2yy’ tan x} dz
0

1
—/ (y* -sec’ z 42y -y - tanz) dz.
0

But notice that

d
d—gftanx = y2~se(32;v+2y~y’-tanm,
T

and hence
1
I—1Iy= —/ (y* -sec®>z +2y -y - tanz) dz
0

=— [yQ tan l’](lJ

= —(y(1)*tan1 — 0% tan0)

= —(0%tan1 —0)
as desired.

This gives I = I;. Also, notice that the integrand of I is (y' + ytanx)? is always non-negative,
which means I; > 0, taking 0 only when ¢’ + ytanz = 0 for all z € (0, 1).

y +ytanz =0

dy ¢

—= = —ytanzx

dx 4

d

Y _ —tanzdz

Y

In|y| = —In|secz| + C

y = Acosz.

When z =1, y = 0, hence A = 0 since cos1 # 0. This means I; = 0 if and only if y = 0 for all
z € 10,1].
Since I = I, we know that I > 0, with the equal sign holding if and only if y = 0 for all z € [0, 1].

2. Let .
Jo = / (v + aytan bz)? de,
0
and we have
1
J—Jy= / [((v)? — a*y?) — (v + ay tanbz)?] dz
0
1
=— / [a2y2 +a’y?tan®bx + 2y -y - a - tan bx] dz
0
1
= —/ [a2y2 sec?br+2y -y -a- tanbx] dz
0

1
= —a/ [ay® sec® b + 2y - y - tan bx] d.
0
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Notice that if we let b = a, we have

dy? tan bz

5 = 2yy’ tan bz + by? sec? bx = 2yy’ tan bx + ay® sec? bz.
x

This means

1
J—=Jo= —a/ [ay® sec® bx + 2y - y - tan bx] da
0

= —a [y2 tan az](l)
= —a(y(1)*tana — 0% tan0)

=0.

This means J = Jj.
Since the integrand of Jy is a square, we know Jy > 0 and hence J > 0.

This is only valid when ax < § for z € [0,1] (since otherwise this range will cross an undefined
point), which means a < 7.

When a = 7, consider y = cosaz. Notice that 3’ = —asinax, and therefore
1
J = / ((—asinazx)? — a? cos? ax) dx
0
1
= —a? / (cos? ax — sin” ax) dz
0

1
= —a2/ cos(2ax) dx
0

o | sin2az !
= —Q _—
2a |,

but y is not uniformly zero.
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