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2013.3 Question 8

By the formula of the sum for a geometric series, we have

n−1∑
r=0

exp(2i(α+ rπ/n)) = exp(2i(α+ 0π/n)) · 1− exp(2iπ/n)n

1− exp(2iπ/n)

= exp(2iα) · 1− exp(2iπ)

1− exp(2iπ/n)

= exp(2iα) · 1− 1

1− exp(2iπ/n)

= 0,

since the denominator is not 0.
By geometry, we have

r cos θ + s = d,

and hence
s = d− r cos θ.

Since r = ks = k(d− r cos θ), we have

r =
kd

1 + k cos θ
.

Let L1 be an angle α to horizontal, then Lj is angle α + (j − 1)π/n angle to the horizontal for
j = 1, 2, . . . , n. Let θj = α+ (j − 1)π/n, and we have

lj = r|θ=θj
+ r|θ=θj+π

= kd

(
1

1 + k cos θj
+

1

1 + k cos (θj + π)

)
= kd

(
1

1 + k cos θj
+

1

1− k cos θj

)
= kd · 1 + k cos θj + 1− k cos θj

1− k2 cos2 θj

=
2kd

1− k2 cos2 θj
.
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Hence, we have

n∑
j=1

1

lj
=

1

2kd

n∑
j=1

(1− k2 cos2 θj)

=
1

2kd

n− k2
n∑

j=1

cos2 (α+ (j − 1)π/n)


=

1

2kd

n− k2

2
·

n∑
j=1

[1 + cos 2 (α+ (j − 1)π/n)]


=

1

2kd

n− nk2

2
− k2

2
·

n∑
j=1

cos 2 (α+ (j − 1)π/n)


=

1

2kd

[
n− nk2

2
− k2

2
·
n−1∑
r=0

cos 2 (α+ rπ/n)

]

=
1

2kd

[
n− nk2

2
− k2

2
·
n−1∑
r=0

Re exp(2i (α+ rπ/n))

]

=
1

2kd

[
n− nk2

2
− k2

2
· 0
]

=
1

2kd
· n(2− k2)

2

=
n(2− k2)

4kd
,

as desired.
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