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2013.3 Question 13

1. (a) Since 0 < X < 1, we must have that

F(x):/ f®)dt
0
for 0 <z < 1. Hence, since 0 < f(t) < M for 0 <t <z < 1, we have
T x
0:/ OdtgF(x)g/ Mdt = Mz,
0 0

as desired.

(b) Since 0 < X < 1, we must have F(0) = 0 and F(1) = 1. Let the desired integral be I, using
integration by parts, we have

I= / 29(x)F(2) f(z) da

_ /0 29(2)F(z) dF ()

~ [29(@)F(x)?]} — 2 / F(z) d(g(x)F())
1 1

— 2g(1)F(1)? — 29(0)F(0)? — 2 / ¢ (2)F(2)? dz — 2 / o(2)F () (z) de
0 0

=2¢(1) — 2/0 g (z)F(x)*dx — I.

This means

and hence

2. (a) Since 0 <Y <1, we must have

1 1
/ kE(y) f(y)dy = k/ F(y)dF(y)
0 0

=k- % [F(y)ﬂo

=k- % [F(1)? — F(0)%]
= g . (12 702)

_k

T2

=1

and hence k = 2.
(b) Notice that

E(Y™) = / 2" F(y)f (y) dy
01
< /O 2y" My f(y)dy

1
=2M/O y" T f(y) dy

=2ME (X")
- 2Mﬂn+1a
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and that
1
B = [ 2" F)f) dy
0
1
= y”\y:l—/o (y") F(y)? dy
1
:1,n/ y" T F(y)* dy
0
1
n—1
zl—n/ y" T MyF(y) dy
0
1
=1—Mn/ y"F(y)dy
0
Mn !
=1- F(y)d(y™*!
1 | Pwae
Mn 1 !
=1- F(y)y™*! —/ AR
p—— ([ W)y, v (v)
Mn !
=1- F1-1”+1—F0-0”+1—/ " fly)d
2 (ra) 0 i a
Mn
=1- 1-E(xm+
A (1 g (x))
_q,_nM M
- n+1:u’n+1 n+1a
as desired.
(¢) Since we have for non-negative n,
nM nM
14+ 22— < OMpipss,
+n+1u+1 1 S Hn+1

and hence for n > 1, we have

1+(n_1)M,un— (n—1)M
n n

< 2M iy,
which multiplying both sides by n gives
n+(n—1)Mu, — (n—1)M < 2Mnpu,,

and rearranging gives

n—(n—1)M < M(n+1)pmn,
hence

n—(n—-1)M n n—1

> = _
= " Mm+1) ~ DM n+l

as desired.
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