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2013.3 Question 1

Since t = tan %x, we have

dt 1 51 1 51 1 9
- _ —r=—(1 —x) = —(1+t*).
= 35 57 2( + tan 2x) 2( +t%)
By the tangent double-angle formula, we have
2t
tanr = ——,
1—1¢2
and hence
. 1—#2
cotx = .
2t
Therefore,
2 2 (1_t2)2_(1+t2)2
cscx=14cot“x=1+ 21)? = 21)? ,
which means ( )2
2t
-2 _
S~ r = m,
and hence
|sin x| = i
142

What remains is to consider the sign. Notice that ¢ > 0 if and only if

x ™
5€ U [pmim+3).
kEZ
which is
S U [2km, 2km + 7) ,
kEZ
but this is also precisely if and only if sinz > 0.
This means sin x must take the same sign as ¢, and hence
. 2t
sine = ——.
1+41¢2

Using this substitution, we have when x = 0,¢ = 0 and when x = %71’, t =1, and also

2dt

de = —.
. 1+1¢2

This means

1
2
/0 1+asinz
1 2dt
/ I3
0 1 + a - 1+t2
/1 2dt
o 1+ 2at+ 1+ 2at + 2
/1 th
0 t + 1 — a2)

_1—02/0 tl 1

2 t+a !
—— /1 —a?. |arctan | ———
1 —a? { <V1—a2)]0

i e (125 e )]
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But notice that

1+a a
arctan | ——— | — arctan | —— | = arctan
1—a2 1—a2

and hence

as desired.
We have

Therefore, we have

1
27 ] — 2
:/ cos xd:z:

and

b
I1+2IO:/ sin” x dx
0

™

O l=

z]

.

N =
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Also, notice that

3T g
Iy =/ =
0o 2+4+sinz

_1/’%’r da
2 0 1+%Sinx

1-1%
1 2
:§ Q-arctan -
1-(3) 1+3
1 4 ;
= — . — -arctan —
2 V3 V3
_ 2 0w
=56
o
3v3
Hence,
s
13_1—212
s
=——-2-(1-2I
1 ( 1)
s
= — —2+4I
1 + 414
™ 1
=——2+4+4( =7 — 2]
1t <2W °>
=£—2+2n—wo
_on_,_
4 3v3
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