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2012.3 Question 8

1. We aim to show that for all n > 0,
FnFn+3 - Fn+1Fn+2 = Fn+2Fn+5 - Fn+3Fn+4-
Notice that

RHS = Fyi2Fnys — FagsFoya
= Foio(Fugs + Foya) = Fuyz(Foyz + Fogs)
= FnyoFnia — FoysFoys
- n+2(Fn+2 +Fn+3) _Fn+3(Fn+1 +Fn+2)
= ForoFni2 — FrysFup
= n+2(Fn+3 _Fn+1) _Fn+3(FvL+2 - Fn)
=FoFni3 — Fnp1Fni2
= LHS

and set n = 0 shows exactly what is desired.

2. By the lemma in the previous part, the problem reduces to two cases are when n is odd and when
n is even.

e When n is even,
FoFhis—Foi1Fhyo=FFs—FiF,=0-2—-1-1=-1.
e When n is odd,
FoFpis—Foi1Fhyo=FF, —FF;=1-3—-1-2=1.
3. Using the tangent formula for sum of angles, we have
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as desired.

Hence, we have

1 1 1
arctan = arctan — arctan ,
(F2r+1) (F2r> (F2r+2>

Eason Shao Page 71 of 430



STEP Project Year 2012 Paper 3

and therefore
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