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2012.3 Question 5

1. (a) An integer point: (0,1). A non-integer point: (g, %)
(b) An integer rational point: (1,1). Notice that

(cos@ + v/msin6)? + (sin @ — \/mcosf)?
= cos? 0 + 2v/msin 0 cos 6 + msin® 0 + sin? 6 — 2/m sin 0 cos 6 + m cos? 0
= (m 4+ 1)(sin” 6 4 cos? )
=m+ 1.

Consider letting x = cosf + /msinf, and y = sinf — /mcosf. Let m = 1, and we have
x =cosf +sinf and y =sinf — cosf, with 22 +y2 =m +1 = 2.
Let cosf = %, and sinf = %. We have
71
($7y) - (575)

is a non-integer rational point.

2. (a) An integer 2-rational point: (1,v/2).
For the non-integer 2-rational point, let m = /2 in the previous question, and we have

(cosf + V2sin6)* 4 (sinfh — V2cosh)? =2+ 1 =3.

Now, let cos ) = % and sinf = %. Let z = cos0++/2sinf = %-ﬁ-\/i-% andy = sinf—+/2 cos f =
% —2. % We must have z2 —|—y2 = 3, and

(w,y):<§+\/§~§,:_\/§.§>

is a non-integer 2-rational point on z? + y? = 3.
(b) Consider z = acosf + by/msinf and y = asinf — by/m cos 0, we have

2’ +y* = (acosf + bﬂsmef + (asing — b\/ﬁcosﬁ)2
= a? cos? 0 + b>msin? 0 + 2aby/m sin 6 cos 0
+ a?sin® 0 + b*>m cos® 0 — 2aby/msin O cos 0
= (a® + b*m) cos® 0 + (a® + b*m) sin? §
= (a® 4 b®m)(sin” 6 4 cos? A)

=a’® +b’m.

We set m = 2, and hence we would like a? 4+ 2b®> = 11. Consider @ = 3 and b = 1, and set

cost%and sinﬁz%. Hence,
4 3 12 3
xzacos@—l—b\/ﬁsinG:S-5—1—1-\/@3:?—&—\/5-5,
and 3 49 4
y:asin9—b\/ﬁ0089:3~g—1-\/§-5:6—\/5-5,

and we must have 22 4+ y? = 32 + 12 . 2 = 11. Therefore,
12 39 4

B 2.2 2 _9.=2

(z,y) (5 +V2 55 V2 )

is a non-integer 2-rational point on the circle 22 + y? = 11.
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(c) Consider x = asec + by/mtan and y = atanf + by/msec @, we have

x® —y* = (asech + b\/ﬁtan@)2 — (atanf + b\/TWsecH)2
= a?sec? 0 + b>mtan® 0 + 2aby/msec 0 tan 0
—a?tan? 0 — b>msec? 6 — 2aby/m sec O tan 6
= a®(sec? 6 — tan? 0) — b*m(sec? § — tan? 0)
=a% - b’m.

We set m = 2, and hence we would like a? — 2b> = 7. Consider ¢ = 3 and b = 1, and set

tanf = % and secl = %. Hence,

5 3 15 3
mzasec@—i—b\/ﬁtanez&z—&—l-\[-1:——1—\/51,

and
3 5 9 5
y:atanﬁ—kb\/msecG:S-Z—Fl-\/iz:14—\[2-1,

and we must have 22 — y? = 32 — 12. 2 = 7. Therefore,
15 39 5
= —_— 2 P— p— PR
(z,y) (44—\[ 4,4-1-\[ 4)

is a non-integer 2-rational point on the hyperbola =2 — 32 = 7.
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