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2012.3 Question 2

1. By the formula for difference of two squares, we have

1-—2)1+2)14+22)Q+zY - QA+2?) =1 -1 +2°) 1 +2Y) - 1 +2)
=1-zHA +aY) -1 +2*)

This means,
gn+1

1=01-2)Q+2)Q+22)A+2h) -1 +22)+22,
and dividing both sides by 1 — x gives
1 2

= A+ +a?) L +at) o (L) + T

Rearranging and taking natural logs on both sides, we have
In(1 — gcznﬂ) —In(l —x) = Zln(l + :Czk),
k=0

and therefore,

n+1

ln(l—x):—Zn:ln(1+x2k)+ln(1—x2 ).
k=0

2n+1

Let n — 0o. 2"*! — 0o, and since |z| < 1, we have — 0, and hence

In(1 —x) Zlnl—l—x )+ 1n(1 Zlnl—i—m ,

as desired.

Differentiating both sides with respect to x, we have

ok . 2k_1

:_Z 1+ 22"

and hence

exactly as desired.

2. Notice that

n—1

A+z+22) 1 —z+2H)1 -2 +2HQ -2t +25) - (122" +22)
= (1+22)2 =21 -22+aH (1 —a* +28) - (1 — 22" +22")

= (1422 +2) 1 -2 +aH (1 -2t +28) - (1— 22" +22)

= (142" - @))A—-2*+2% - 1-22" +2%)
(

T+at +a8)1—a*+28) - (1—22" +2%)

2n 2n+1
+x .

=14z

Therefore,

ontl

l=Q+z+2>)Q—-z+a)A—2? 42—zt +2%) - (1 -2 +22") -2 -2,
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and hence
1 n—1 n 2" + x2n+1
- - 2y(] _ 22 41 _ g 8Y... (1 — z2 omy _ P T
Tp—— ( x4+ x7)( z°+2%)( xt+ %) ( T +ax*) Tp——
Rearranging and taking natural logs on both sides, we have
n k k
n n+1 L —1
In(1 + 22 —|—:v2+)—ln(1+x+x2):Zln(1—z2 + 2,
k=1
and hence .
In(l+z+2°%) = - Zln(l " ka) +In(1+ 22" + x2n+1).
k=1
Let n — oo, we have 2", 2"*! — oo, and since |z| < 1, we must have x2",x2n+1 — o0, and hence
In(1 + 22" +22""") = 0. Hence,
In(1 + z + 2%) Zlnl—x _1+x2k).
Differentiating both sides with respect to x, we get
1422 B 272k12k11+2k 2’“1 i 2’€11 2%2"‘71
1+z422 2 4 g2k 1— 227" 4 22" ’

k=1

which is exactly what is desired.

Eason Shao Page 57 of 430



