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2012.3 Question 1

We have
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as desired.

1. Let n = 1, we have z = y
(

dy
dx

)2
, and
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dx
=
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dx
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]
.

Hence, the differential equation (
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=
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y

simplifies to
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=
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and hence
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√
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Hence, by integration,
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2

3
y
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When x = 0, y = 1 and dy
dx = 0, and hence z = 0. Hence,

0 =
2

3
+ C,

and therefore C = − 2
3 .

We therefore have
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,

and hence

dy

dx
=

√
2

3

(
√
y − 1

y

)
.

Rearrangement gives √
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y
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√
2

3
dx.

Notice that
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and hence by integration

4

3
·
√

y
3
2 − 1 =

√
2

3
x+ C.

When x = 0, y = 1, and hence C = 0. Therefore,√
y

3
2 − 1 =

√
3

8
x,

and hence

y
3
2 =

3

8
x2 + 1,

and hence

y =

(
3

8
x2 + 1

) 2
3

,

as desired.

2. Let n = −2, we have z = y−2
(

dy
dx

)2
, and

dz

dx
= −2y−3 dy

dx

[(
dy

dx

)2

− y
d2y

dx2

]
.

Hence, the differential equation (
dy

dx

)2

− y
d2y

dx2
+ y2 = 0

simplifies to
dz
dx

−2y−3 dy
dx

+ y2 = 0,

which gives
dz

dy
=

2

y
.

By integration on both sides, we have

z = 2 ln y + C,

and when x = 0, y = 1, dy
dx = 0, which gives z = 0. Hence, C = 0, and

y−2

(
dy

dx

)2

= 2 ln y,

which gives
dy

dx
= y
√

2 ln y,

and therefore,
dy

y
√
ln y

=
√
2 dx.

By integration, ∫
dy

y
√
ln y

=

∫
d ln y√
ln y

= 2
√
ln y + C,

and hence
2
√
ln y =

√
2x+ C.

When x = 0, y = 1, so C = 0, and hence √
ln y =

x√
2
,

and therefore, the solution to the original differential equation is

y = e
x2

2 .
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