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2011.3 Question 5

Since we have
tan θ =

y

x
=⇒ θ = arctan

y

x
+ kπ

for some k ∈ Z, differentiating with respect to t gives us

dθ

dt
=

1

1 +
(
y
x

)2 ·
d y
x

dt
=

x2

x2 + y2
·
xdy

dt − y dx
dt

x2
=

xdy
dt − y dx

dt

r2
.

Hence,

1

2

∫
r2 dθ =

1

2

∫
r2 ·

xdy
dt − y dx

dt

r2
· dt = 1

2

∫ (
x
dy

dt
− y

dx

dt

)
dt,

as desired.
The coordinates of A and B are

A (x− a cos t, y − a sin t) , B (x+ b cos t, y + b sin t) .

Hence, we have

[A] =
1

2

∫ 2π

0

(
xA

dyA
dt

− yA
dxA

dy

)
dt

=
1

2

∫ 2π

0

[
(x− a cos t)

(
dy

dt
− a cos t

)
− (y − a sin t)

(
dx

dt
+ a sin t

)]
dt

=
1

2

∫ 2π

0

(
x
dy

dt
− y

dx

dt

)
dt− a

2

∫ 2π

0

[
cos t

(
dy

dt
+ x

)
+ sin t

(
y − dx

dt

)]
dt

+
a2

2

∫ 2π

0

(
cos2 t+ sin2 t

)
dt

= [P ]− af +
a2

2

∫ 2π

0

dt

= [P ]− af + 2π · a
2

2

= [P ] + πa2 − af,

as desired.
Similarly,

[B] =
1

2

∫ 2π

0

(
xB

dyB
dt

− yB
dxB

dy

)
dt

=
1

2

∫ 2π

0

[
(x+ b cos t)

(
dy

dt
+ b cos t

)
− (y + b sin t)

(
dx

dt
− b sin t

)]
dt

=
1

2

∫ 2π

0

(
x
dy

dt
− y

dx

dt

)
dt+

b

2

∫ 2π

0

[
cos t

(
dy

dt
+ x

)
+ sin t

(
y − dx

dt

)]
dt

+
b2

2

∫ 2π

0

(
cos2 t+ sin2 t

)
dt

= [P ] + bf +
b2

2

∫ 2π

0

dt

= [P ] + bf + 2π · b
2

2

= [P ] + πb2 + bf.

Since over t ∈ [0, 2π], A and B both trace over D, we must have

[A] = [B],

and hence
πa2 − af = πb2 + bf,
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which means
π(a+ b)(a− b) = (a+ b)f,

and hence
f = (a− b)π,

and therefore
[A] = [B] = [P ] + abπ.

The area between the curves C and D is represented as [A]− [P ] or [B]− [P ], and hence this area is
πab, as desired.
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