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2011.3 Question 4

1. The following two diagrams shows the cases a < b and a > b respectively.
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In both cases, the shaded area is greater than the area of the rectangle formed by (0, 0), (a, 0), (a, b)
and (0, b), leading to the inequality. The equal sign holds when b = f(a).

2. Since f(x) = xp−1, we must have x = f−1(x)p−1, and hence f−1(x) = x
1

p−1 . Hence,∫ a

0

f(x) dx =
1

p
[xp]

a
0 =

ap

p
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Since 1
p + 1

q = 1, we must have 1
q = 1− 1

p = p−1
p , and

q =
p

p− 1
,

and hence
f−1(x) = xq−1,

which gives ∫ b

0

f−1(x) dx =
bq

q
.

Since f is a polynomial, it must be continuous. f(0) = 0p−1 = 0, and

f ′(x) = (p− 1)xp−2

is always non-negative for x ≥ 0, we must have by the original inequality

ab ≤ ap

p
+

bq

q

as desired.

3. Consider the function f(x) = sinx. First, f is continuous, and

f ′(x) = cosx

is always positive for 0 ≤ x ≤ 1
2π. We notice∫ a

0

f(x) dx = [− cosx]a0 = 1− cos a,
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and f−1(x) = arcsinx, and hence for 0 ≤ b ≤ 1,∫ b

0

f−1(x) dx =

∫ b

0

arcsin(x) dx

= [x arcsinx]
b
0 −

∫ b

0

x · 1√
1− x2

dx

=
[
x arcsinx+

√
1− x2

]b
0

= b arcsin b+
√
1− b2 − 1.

Hence, using the given inequality,

ab ≤ b arcsin b+
√
1− b2 − 1 + 1− cos a = b arcsin b+

√
1− b2 − cos a,

as desired.

Let a = 0 and b = t−1. Since t ≥ 1, we have 0 < b ≤ 1, and hence

0 ≤ t−1 arcsin t−1 +
√
1− t−2 − cos 0.

Multiplying both sides by t, and noticing cos 0 = 1, we have

0 ≤ arcsin t−1 +
√
t2 − 1− t,

and hence
arcsin t−1 ≥ t−

√
t2 − 1,

as desired.
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