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2011.3 Question 1

1. By rearrangement, we have
du

u
=

(
1 +

1

x+ 1

)
dx,

and hence by integration,
ln|u| = x+ ln|x+ 1|+ C.

This gives
u = C(x+ 1)ex

as the general solution.

2. Since y = ze−x, we must have

dy

dx
=

dz

dx
e−x − ze−x =

(
dz

dx
− z

)
e−x,

and
d2y

dx2
=

d2z

dx2
e−x − 2

dz

dx
e−x + ze−x =

(
d2z

dx2
− 2

dz

dx
+ z

)
e−x.

Hence, the original differential equation can be simplified:

(x+ 1)
d2y

dx2
+ x

dy

dx
− y = 0

(x+ 1)

(
d2z

dx2
− 2

dz

dx
+ z

)
e−x + x

(
dz

dx
− z

)
e−x − ze−x = 0

(x+ 1)

(
d2z

dx2
− 2

dz

dx
+ z

)
+ x

(
dz

dx
− z

)
− z = 0

(x+ 1)
d2z

dx2
− (x+ 2)

dz

dx
= 0,

which is a first-order differential equation for dz
dx .

Hence, from part (i), we have the general solution to this differential equation is

dz

dx
= C(x+ 1)ex,

and hence by integration

z = C

∫
(x+ 1)ex dx = C

[∫
x dex +

∫
ex dx

]
= C[xex − ex + ex] +D.

Therefore, y = ze−x = De−x + Cx. Let A = C and B = D and this is exactly what is desired.

3. The complementary function is the differential equation solved in the previous part. For the

complementary function, consider y = ax2 + b, and hence dy
dx = 2ax and d2y

dx2 = 2a. Hence,

2a(x+ 1) + x · 2ax− ax2 − c = ax2 + 2ax+ (2a− c) = x2 + 2x+ 1.

Hence, a = 1 and c = 1 giving y = x2 + 1 is a particular integral.

Therefore, the general solution to the differential equation is

y = Ax+Be−x + x2 + 1.
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