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2010.3 Question 8

Since P(z) = Q(z)R'(x) — Q'(x)R(z), we notice that
P(x) _ d R(z)
Qx)?  drQ(x)

P(x) | R
/ Qw? = 0w ¢

Hence,

where C' is a real constant.

1. Since R(x) = a + bz + cz?, we have R'(z) = b+ 2cx. We let P(z) = 5z — 4z — 3 and Q(z) =
1+ 2z + 322, and hence Q'(z) = 6z + 2.

Hence,
522 —da — 3 = (14 2z + 32%) (b + 2cx) — (62 + 2)(a + bx + cx?).

Notice that
RHS = [6ca® 4 (3b + 4c)x? + (2b + 2¢)x + b] — [6cx® + (6b 4 2¢)2? + (6a + 2b)x + 2d]
= (=3b + 2¢)x? + (—6a + 2¢) + (—2a + b).

Hence, we have

—3b+2c =25,
—6a+2c=—-4 < 3a—c=2,
—2a+b=-3.

Notice that
1-(=3b+2c)+2-Ba—c)+3-(—2a+b) =0,

and

1-542-2-3-3=0,
which means that these three equations are linearly dependent. Hence, let a = 0, and hence b = —3,
c=—2, R(x) = —3z — 222, which gives

+ (.

/ 52 —4x — 3 —3z — 222
xr =
(14 2z + 322)2 1+ 2z + 322

Letting a = 1, and hence b = —1, c =1, R(z) = 1 — x + 22, which gives

/ 522 —4x — 3 q 1—az+ 22 LC
T = .
(1+ 2z + 322)2 1+2z+322 2
Notice that
1—x+ 22 —3z — 222 _1+2a:+3:102

)

1+2z+322 1+20+32%2 14224322
and the integrals just differ by a constant. Different choices of (a, b, ¢) lead to results which only
differ by a constant.

2. The differential equation we are attempting to solve is equivalent to

@ sinx — 2cosx _ 5—3cosz +4sinz

dx 1—|—cosx—|—2sinxy_ 14+ cosz +2sinz

The integrating factor is

I(z) sinx — 2cosx
T) = ex
P 1+ cosx + 2sinx

/ d(1 + cosz + 2sinx)
=ex —
P 1+ cosx+2sinx

= exp(—In|1 + cosx + 2sin z|)
- 1
~ 1+cosx+2sing’
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and hence
d Y 5—3cosx +4sinx

dz1+cosz +2sinz (14 cosz + 2sinx)?’

Let Q(z) =14 cosx + 2sinx, and let P(z) =5 — 3cosz +4sinz. We have Q'(z) = 2cosz —sinz

Set R(z) = a+ bsinz + ccosz for some real constant a,b and c. We have R'(x) = bcosx — csinz.
Hence,

5—3cosz+4sinx = (14 cosx + 2sinz)(bcosx — csinz) — (2cosx — sinz)(a + bsinz + ccos x).

We expand the brackets on the right-hand side, and we have

RHS = bcosz — csinz + beos® & — ccoszsinz + 2bsinz cos z — 2csin? ¢
—2acosx — 2bsinx cos & — 2ccos? & + asinz + bsin? z + csinz cos x
= (a—c)sinz + (b—2a) cosz + (b — 2¢) (sin® z + cos® z)
=(b—2¢)+ (a—c¢)sinz + (b — 2a) cosz,

and hence by comparing coefficients, we have

b—2c=05,
a—c=4,
—2a+b=-3.

Notice that
1-(b—2¢)+(-2)-(a—c¢)+ (-1)-(—2a+b) =0,

and
154 (-2)- 44 (-1) (-3) =0,
so the system of linear equations is linearly dependent. Hence, set a = 0, and we have b= —3,¢ =
—4, and we have R(z) = —3sinx — 4 cos z.
Hence,
/ 5—3cosz+4sinx / P(z) d
= x
(14 cosz + 2sinx)? Q(x)?
R(x)
= +C
Q)
_ 3sinx +4cosx
1+ cosx +2sinx ’
and hence )
Y - dsinx +4cosx
14+cosxz+2sine 1+ cosx+2sinx ’

which means the general solution to the differential equation is

y=—(3sinz +4cosz) + C(1+ cosz + 2sinx).

Eason Shao Page 26 of 430



