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Since y = cos(m arcsin ), we have

dy _ msin(marcsinz)
de VIi—a?
and
d2y m? cos(m arcsin z) - 11_:62 V1 — 22 —msin(marcsinz) - (—x) - 711—.12
daz? 1 — 22
m ( : ) + . ( . ) 1
= ——— ( mcos(marcsinx) + xsin(marcsin z) - ————
L -2 Vi—a?

Hence, the left-hand side of the differential equation reduces to

(- 2Tty
— . . . 1
=—-m- (m cos(marcsin x) + x sin(m arcsin ) - m)
L me sin(m arcsin ) + m? cos(m arcsin z)
V1—2?
= —m? cos(m arcsin ) + m? cos(m arcsin z)
_ masin(marcsin z)

V1—22

ma sin(m arcsin x)

Vv1—2z2

0,

as desired.

Differentiating both sides of this equation with respect to =, we get

d?y P’y dy &y Ldy
—22)—= + (1 —2?)—2 — % —z—= — =0
( x)de +t(-w )d 5 dr Cda? m’ dz ’
which reduces to & ) q
Y Y 2 Y
1—2%)—2 —3z—= -1)-2=0
(=) g — 30 T e
Differentiating both sides with respect to x again, we get
d3y ndly L d%y d3y s 4%y
—22)—2 4 (1 — 2?) == — 3—2 — 30— —1)—2 =0,
(=22) da3 -z )dx4 dx? Tz +(m )dx2
which reduces to

a s a2
(1— z“‘)d—xZ - 5xd—;3’ T m2-9)SY —o.

da?
The conjecture is for all n > 0

dn+2

y dn-i-ly dny
(1—x2)m (2n+1)d poo] +(m2_n2)7

dzm

The base case where n = 0 is already shown. We show the inductive step. Assume this statement is
true for some n =k, i.e.

dk+2y dk+1y ¥y
Differentiating both sides with respect to z gives
dlc+2 ) k+3y dk-i—ly dk+2y ) ) dk-‘rl
(— 2x)dmk+2 (1-=z )dxk+3 (2k + 1)dxk+1 (2k + l)xm + (m* —k )dx’H‘l =0,
which reduces to
dk+3y dk+2y dk+1y

2 2 2 _
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This is precisely the statement for when n = k + 1.
Hence, by the principle of mathematical induction, the conjecture holds for all integers n > 0.
Now, we evaluate this at z = 0, and we have
dn+2y
dant?| _,
for all n > 0, which rearranged gives

dn+2y
n—+2
dzx 2=0

=0

dTLy

- (n2 B m2) dan

=0 .
Notice that
Y|, = cos(marcsin0) = 1,

and
dy
dx

__msin(marcsin0) 0
=0 \% 1- 02

Hence,
d?y
U (0 —m?) g,y = —m?
da?|, _, x

and & 4
Y 2 2y 4Y

- J = (12 = =7

da3|,_, ( m) dz

x=0
and
dly

Gl -

2
0 dx

In general, we have

and
n—1 n—1

= [J@x* = m?) = (=" T (m* — 4k?)

z=0 k=0 k=0

dZny
dx2n

for all integers n > 0.
Hence, the Maclaurin series for y satisfy that

n

o |,
— zr =0

y=> !

n=0

o (_1)n Z;é(mZ _ 4k2)x2n

(2n)!

n=0
m2z2 mg(m2 _ 22>$4
ST 4! B

In the case where m is even, notice that when m = 2k, m? — 4k% = 0, and so for all n > T+,

=1-

n—1
H (m? — 4k?)2®" = 0,
k=0

and hence this infinite sum becomes finite:

X (— 1) TRz (m? — k)2
=2 ) (02n)!

n=0

B El (=1)" Z;é(mQ _ k,Z)xQn
N 7;) (2n)! '
Now, let & = sin 0, we have 6 = arcsin x since |0] < %777 and y = cosmf. Hence,
m?sin®6  m?(m? — 22)sin* 0
o Al S
where the sum is finite (and hence a polynomial), and the degree of this polynomial is m;

cosmf =1—
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