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2010.3 Question 13

Since Z1 and Z2 are independent, we have

Cov(Z1, Z2) = 0,

and hence

Corr(Z1, Z2) =
Cov(Z1, Z2)√
Var(Z1)Var(Z2)

=
0√
1 · 1

= 0.

For Y2, we have

E(Y2) = E

(
ρ12Z1 +

√
1− ρ212Z2

)
= ρ12 E(Z1) +

√
1− ρ212 E(Z2)

= ρ12 · 0 +
√
1− ρ212 · 0

= 0,

Var(Y2) = Var(ρ12Z1 +
√

1− ρ212Z2)

= ρ212 Var(Z1) + (1− ρ212)Var(Z2)

= ρ212 · 1 + (1− ρ212) · 1
= 1,

and hence

Corr(Y1, Y2) =
Cov(Y1, Y2)√
Var(Y1)Var(Y2)

=
E(Y1Y2)− E(Y1) E(Y2)√

1 · 1

= E

(
ρ12Z

2
1 + ρ12

√
1− ρ212Z1Z2

)
− 0 · 0

= ρ12 E(Z
2
1 ) + ρ12

√
1− ρ212 E(Z1Z2)

= ρ12
(
Var(Z1) + E(Z1)

2
)
+ ρ12

√
1− ρ212 E(Z1) E(Z2)

= ρ12
(
1 + 02

)
+ ρ12

√
1− ρ212 · 0 · 0

= ρ12.

For Y3, we have

Var(Y3) = Var(aZ1 + bZ2 + cZ3)

= a2 Var(Z1) + b2 Var(Z2) + c2 Var(Z3)

= a2 + b2 + c2

= 1,

and hence a2 + b2 + c2 = 1.
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For the correlation, we have

Corr(Y1, Y3) =
Cov(Y1Y3)√

Var(Y1)Var(Y3)

=
E(Y1Y3)− E(Y1) E(Y3)√

1 · 1

=
E(aZ2

1 + bZ1Z2 + cZ1Z3)− 0 · 0
1

= aE(Z2
1 ) + bE(Z1Z2) + cE(Z1Z3)

= a(Var(Z1) + E(Z1)
2) + bE(Z1) E(Z2) + cE(Z1) E(Z3)

= a(1 + 02) + b · 0 · 0 + c · 0 · 0
= a

= ρ13,

and

Corr(Y2, Y3) =
Cov(Y2Y3)√

Var(Y2)Var(Y3)

=
E(Y2Y3)− E(Y2) E(Y3)√

1 · 1

=
E
(
(aZ1 + bZ2 + cZ3) ·

(
ρ12Z1 +

√
1− ρ212Z2

))
− 0 · 0

1

= E

(
aρ12Z

2
1 + b

√
1− ρ212Z

2
2

)
= aρ12(Var(Z1) + E(Z1)

2) + b
√
1− ρ212(Var(Z2) + E(Z2)

2)

= aρ12 + b
√

1− ρ212

= ρ23,

since all the cross-term expectation is 0, i.e. for i ̸= j, E(ZiZj) = E(Zi) E(Zj) = 0. Hence,

b =
ρ23 − ρ12ρ13√

1− ρ212
,

and therefore,

c =
√
1− a2 − b2 =

√
1− ρ213 −

(ρ23 − ρ12ρ13)
2

1− ρ212
.

We could have Xi = µi + σiYi for i = 1, 2, 3, since

E(Xi) = µi + σi E(Yi) = µi + σi · 0 = µi,

and
Var(Xi) = σ2

i Var(Yi) = σ2
i · 1 = σ2

i .

Eason Shao Page 30 of 430



STEP Project Year 2010 Paper 3

As for correlation, we notice that for any random variables U, V , we have

Corr(aU + b, cU + d) =
Cov(aU + b, cV + d)√
Var(aU + b)Var(cV + d)

=
E((aU + b)(cV + d))− E(aU + b) E(cV + d)√

a2 Var(U)c2 Var(V )

=
acE(UV ) + bcE(V ) + adE(U) + bd− (aE(U) + b)(cE(V ) + d)

ac
√
Var(U)Var(V )

=
acE(UV ) + bcE(V ) + adE(U) + bd− acE(U) E(V )− bcE(V )− adE(U)− bd

ac
√
Var(U)Var(V )

=
ac(E(UV )− E(U) E(V ))

ac
√

Var(U)Var(V )

=
Cov(U, V )√
Var(U)Var(V )

= Corr(U, V ),

which shows linear coding does not affect the correlation. This implies

Corr(Xi, Xj) = Corr(Yi, Yj) = ρij

for i ̸= j. Therefore, Xi = µi + σiYi for i = 1, 2, 3 satisfies the desired.
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