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2010.3 Question 13
Since Z; and Z, are independent, we have
COV(Zl, Z2) = 07

and hence
COV(Zl y ZQ) o 0

Var(Zi) Var(Za) V11

Corr(Z1,Z3) = 0.

For Y5, we have

E(Yz) =E (p1221 +4/1— P%QZ2>

= p12 B(Z1) + /1 — p7, E(Z2)
=p12-0+4/1—p3,-0

:0’

Var(Y2) = Var(p12Z1 + mz2)

= piy Var(Z1) + (1 — pi,) Var(Z,)
=ply- 14+ (1 —ply)-1
pr— 1’

and hence

COV(Yl, Yé)
Var(Y7) Var(Y>2)
EMY2) — E(Y1) E(Y3)
V11

=E <p12Z12 + P12/ 1-— p%2Z1Z2) —-0-0
= p12 E(Z7) + pro\/ 1 — p}, E(Z1 25)

= p12 (Var(Z1) + E(Z1)%) + pray/1 — p12 E(Z1) E(Z2)

:/’12(1+02)+P12\/1_P%2‘0'0

= pP12-

Corr(Y7,Ys) =

For Y3, we have
Val‘(Y3) = Var(aZ1 + b7y + CZ3)
= a?Var(Z,) + b Var(Z,) + ¢ Var(Zs)
=a*+b*+c2
= 1’

and hence a2 + b% + 2 = 1.
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For the correlation, we have

Cov(Y1Y3)
Var (Y1) Var(Ys)
_ EMYs) — E(W1) E(Y3)
V11
E(aZ? +bZ1Z3 + cZ1Z3) —0-0
1
=aE(Z}) + bE(Z125) + cE(Z,Z5)
=a(Var(Z,) + E(Z1)?) + bE(Z) E(Z2) + cE(Z1) E(Z3)
=a(1+0*)+b-0-0+¢-0-0

=a

Corr(Y1,Y3) =

= P13,

and
COV(YQYg)
Var(Yz) Var(Y3)
E(Y2Ys) — E(Y2) B(Y3)
Vv1-1
E ((aZI +bZy + cZ3) - (,01221 + W)) —-0-0

1
=E <CLP12212 +by/1 - 0%2222>
= apiz(Var(Z1) + E(21)*) + b\/1 = piy(Var(Zs) + E(Z2)?)

= api2 +by/1 - pi,

= P23,

Corr(Ys,Y3) =

since all the cross-term expectation is 0, i.e. for i # j, E(Z,;Z;) = E(Z;) E(Z;) = 0. Hence,

b= P23 — P12P13
V31— P%z

and therefore,

(P23—/)12P13)2
c:\/l—aQ—bQZ\/l—p%?)—.

1- P%2
We could have X; = p; + 0;Y; for i = 1,2, 3, since

E(X7> :,LL7;+O'Z‘E(Y1') =pu; +0;-0=p;,

and
Var(X;) = o? Var(V;) = 07 - 1 = 07.

K2
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As for correlation, we notice that for any random variables U, V', we have

Corr(aU + b, cU + d) = Cov(aU + b,cV +d)
) \/Var(aU + b) Var(cV + d)

_ E((aU +b)(cV +d)) — E(aU + b) E(cV +d)
Va2 Var(U)c? Var(V)
acE(UV) +bcE(V) +adE(U) +bd — (¢ E(U) + b)(cE(V) + d)
acE(UV) +bcE(V)+adE(U)+bd — acE(U)E(V) —bcE(V) — adE(U) — bd

acy/Var(U) Var(V)

ac(E(UV) — E(U)E(V))

acy/Var(U) Var(V)

Cov(U,V)

v/ Var(U) Var(V)

= Corr(U, V),

which shows linear coding does not affect the correlation. This implies
Corr(X;, X;) = Corr(Y;,Y;) = pij

for i # j. Therefore, X; = u; + 0;Y; for i = 1,2, 3 satisfies the desired.
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